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Species of structures

Definition
A species of structures is a functor

F:B—DB

where B is the category of finite sets with bijections.

For any finite set U, the elements of F[U] are called F-structures
on the set U.
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Example (Species of simple graphs)
Let U = {®, A,m} and F := G3. We have,

A A
g3[U] = ) ) ) s
o | H e
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Example (Cont.)
Moreover, for the bijection

o:U—{a,b,c}

defined by

o(®) =a, o(A)=band oc(m) = c,

we have
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Some basic combinatorial operations

Definition
The sum of F and G is a functor

(F+G):B—B
where (F + G)[U] := F[U] + G[U] (disjoint sum).

Definition
The product of F and G is a functor

(FG):B—B

where
(FO)Ul:= Y FlUi] x G[Uy]
(U1,U2)

and U; + Us = U (disjoint sum).
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Example (Sum)

g3[U] = A ) 3 xa A )
® B 6 B o
A

A

VAR AN
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Example (Sum)

gs[U] = A +

avas ./_. AV
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Example (Sum)

gs[U] = A +

avas ./_. AV

Gs~Gl+Gi+G2+G3
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Example (Product)

g%[U] = f ) X? A
me - —m
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Example (Product)

Gi[U] = ./A A\. A
~Hne - —m
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Example (Product)

g%[U] = "' ’ “ 9
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Example (Product)

I A
g%[U]: "' ) “ ymm ...

‘H @ o—=m
v .
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Example (Product)

N A
g%[U]: x/ 5 “x,-------.
CHe. N o n

Gr ~ XE,
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A species M is molecular if and only if

M~F4+G=F~0or G~0.
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Molecular and atomic species
Definition
A species M is molecular if and only if
M~F+4+G= F~0or G~0.
Definition
A molecular species A # 1 is atomic if and only if

A~FG=— F~1lor G~1.
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Molecular and atomic species

Definition
A species M is molecular if and only if

M~F+4+G= F~0or G~0.
Definition
A molecular species A # 1 is atomic if and only if

A~FG=—F ~1lor G~1.
For example, G3 is not molecular (and therefore not atomic) whilst

XE> is molecular non-atomic. Furthermore, X and E, are both
atomic.
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Characterization of molecular species

We have M(X) molecular and H < S, stabilizer of a
M(X)-structure.

Definition

1.
M(X)[U] ~ XW[U] — [AH | X: [ 5 U, bijection}

for any finite set U, where [n] :={1,2,...,n} and
AH ={Xoh|he H}.

X0 Xm n=m
o ~ o <= ¢ and
! 2 Hi ConjHy in S,
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Characterization of molecular species

We have M(X, T) molecular and H < S, , stabilizer of a
M(X, T)-structure.

Definition
1.
Xm Tn
H

M(X, T)[U] ~ [Ul = {AH | XA : [m+ n]=U, bijection}

for any finite multiset U, where [m+ n] :=={1,2,..., m+ n}
and \AH={Xoh| he H}.

XM Tm Xm2Tm (ml, nl) = (m27 n2)
~ <

and
t H Hy Conj Hs in S
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Remark

Si,n < Sp4n permutes the set

{1,2,....mym+1 m+2....m+n}.

For example,

(132)(45) €Ssp (14) €S58
(1 2)(5 9)(4 7) S 8377 Ids S Sm,n-

m—+n
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Operator D

Definition
The derivative of F is a functor

DF:B—B

where DF[U] := F[UT], with UT = U U {x}.

ne | F if n=0
DF‘{ DD"™F if n>1
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Example (Linear orders)
We have DL ~ L - L ~ [?. For example, let U = {a,¢, g, m, 0, s}.
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Example (Linear orders)
We have DL ~ L - L ~ [?. For example, let U = {a,¢, g, m, 0, s}.

g—a—s—c—o0—m €L[U].
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Example (Linear orders)
We have DL ~ L - L ~ [?. For example, let U = {a,¢, g, m, 0, s}.

g —>a—>S5—>%—>C—>0—m EDL[U]
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Example (Linear orders)
We have DL ~ L - L ~ L2, For example, let U = {a,c,g, m,0,s}.

(g—»a—»s, c—»o—>m>eL2[U]
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We know how to define a differential operator associated to

L,~X"
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We know how to define a differential operator associated to

L,~X"— D"



General combinatorial differential operators
We know how to define a differential operator associated to
Ly~ X"— D".

Can we do this with any species?
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We know how to define a differential operator associated to
Ly~ X"— D".

Can we do this with any species? "Yes" (A. Joyal, 1984).



General combinatorial differential operators
We know how to define a differential operator associated to
Ly~ X"— D".

Can we do this with any species? "Yes" (A. Joyal, 1984).
Can we generalize this idea?

D X



General combinatorial differential operators

Definition
The partial cartesian product with respect to T of Q1(X, T) and
Q2(X, T) is a functor

Ql(X, T)XTQQ(X, T) BxB—DB

where, for any finite two-set (U, V) of sort X and T respectively, a
Q1(X, T) x1 Qa(X, T)-structure s is a pair s = (s1,5) where

S € Ql[Ul, V] and s € Qz[Uz, V] with U; U U, = U and

Uuinl, =9.
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Example
C(X+ T) x7 F(X + T)-structure on (U, V) with
U={1,2,...,9} (sort X) and V ={a,b,c} (sort 7).
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Example
C(X+ T) xt F(X + T)-structure on (U, V) with
U={1,2,...,9} (sort X) and V ={a,b,c} (sort T).
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Definition
Let Q(X, T) and F(X) be two-sort and one-sort species
respectively. One defines Q(X, D)F(X) by

Q(X,D)F(X) = QX, T) x1 F(X + T) |71 -
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Example (C(X + D)F(X)-structure on (U, V))
By definition, C(X + T) x1 F(X 4+ T)|1.=1-structure on U
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Example (C(X + D)F(X)-structure on (U, V))
By definition, C(X + T) x1 F(X + T)|7.=1-structure on U
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Molecular and atomic differential operators

Q(X, D) is molecular (resp. atomic) <= Q(X, T) is molecular
(resp. atomic).
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Molecular and atomic differential operators

Q(X, D) is molecular (resp. atomic) <= Q(X, T) is molecular
(resp. atomic).
+

Any species can be uniquely decomposed as a sum of products of
atomic species (Y.-N. Yeh (1985)).
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Molecular and atomic differential operators

Q(X, D) is molecular (resp. atomic) <= Q(X, T) is molecular
(resp. atomic).
+

Any species can be uniquely decomposed as a sum of products of
atomic species (Y.-N. Yeh (1985)).

It is enough to consider only atomic differential operators to study
all differential operators.
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fX Dk xn

Computation of ==

Theorem (G. Labelle & C. Lamathe 2009)

For any subgroups H < S, and K < Sp, «, we have
. mpk n m Tk X n

() X557 = X% <7 S e,

(11) (X+T)"

ank Tk
= 2 k=0 2o € Sy \Sn/H SHO B, 1
XaTk Xb_,_k . Xa+ka
(i) “7= X7 T3~ = 2 € (mA)\S/(m2B) AxXg, BT’

. aTk a
(iv) [XAT }T::l - 7%"
where w € S,_ k\Sn/H means that w runs through a system of
representatives of the double cosets HioH,, o € Sj;
TG = {gi € Sni | (g17g2) € G}: G < Snl,nzf

= (Id, 7)B(ld, 771); A xs, B is the fibered product (pullback)
of A by B over Sy.
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Lattice of set partitions

Recall that the set of partitions of {1,2,..., m} forms a complete
lattice with

0={{1},{2},...,{m}} (finest partition)

and
1=1{{1,2,...,m}} (coarsest partition).



Generating all atomic differential operators

The partition sup(pl, p2,..., px) is the finest partition which is
coarser than each of the p;'s.

Example

Let
pr = {{1,3},{2},{4,5}}
p2 = {{172}’{3}7{4’5}}
p3 = {{1}7{2’3}7{475}}

then,

sup(pl, P2, ,03) = {{17 2, 3}? {47 5}}
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A few more definitions

Let g €Sppand s C{1,2,..., m}.
1. g is the partition of {1,2,..., m} obtained by replacing each
cycle of g by the corresponding set,

oy, | gx) ifxes
2. g5(x) '_{ x  otherwise

Example
Take g = (25)(46 1)(3)(7)(8) € Sg and s = {2,3,5,8}.
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A few more definitions

Let g €Sy and s C {1,2,...,m}.
1. g is the partition of {1,2,..., m} obtained by replacing each
cycle of g by the corresponding set,

2 g (x) = { g(x) ifxes

X otherwise

Example
Take g = (25)(461)(3)(7)(8) € Sg and s = {2,3,5,8}.

1. g=1{(25),(461),(3),(7),(8)}
2.
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A few more definitions

Let g €Sy and s C {1,2,...,m}.
1. g is the partition of {1,2,..., m} obtained by replacing each
cycle of g by the corresponding set,

2 g (x) = { g(x) ifxes

X otherwise

Example
Take g = (25)(461)(3)(7)(8) € Sg and s = {2,3,5,8}.

1l g= {{27 5}7 (4 6 1)7 (3)7 (7)7 (8)}
2.



Preliminaries General combinatorial differential operators Generating all atomic differential operators

A few more definitions

Let g €Sy and s C {1,2,...,m}.
1. g is the partition of {1,2,..., m} obtained by replacing each
cycle of g by the corresponding set,

2 g (x) = { g(x) ifxes

X otherwise

Example
Take g = (25)(461)(3)(7)(8) € Sg and s = {2,3,5,8}.

1l g= {{27 5}7 {47 6, 1}7 (3)7 (7)7 (8)}
2.
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A few more definitions

Let g €Sy and s C {1,2,...,m}.
1. g is the partition of {1,2,..., m} obtained by replacing each
cycle of g by the corresponding set,

2 g (x) = { g(x) ifxes

X otherwise

Example
Take g = (25)(461)(3)(7)(8) € Sg and s = {2,3,5,8}.

1l g= {{27 5}7 {47 6, 1}7 {3}7 (7)7 (8)}
2.
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A few more definitions

Let g €Sy and s C {1,2,...,m}.
1. g is the partition of {1,2,..., m} obtained by replacing each
cycle of g by the corresponding set,

2 g (x) = { g(x) ifxes

X otherwise

Example
Take g = (25)(461)(3)(7)(8) € Sg and s = {2,3,5,8}.

1l g= {{27 5}7 {47 6, 1}7 {3}7 {7}7 (8)}
2.



Preliminaries General combinatorial differential operators Generating all atomic differential operators

A few more definitions

Let g €Sy and s C {1,2,...,m}.
1. g is the partition of {1,2,..., m} obtained by replacing each
cycle of g by the corresponding set,

oy | gx) ifxes
2. g5(x) = { x  otherwise

Example
Take g = (25)(461)(3)(7)(8) € Sg and s = {2,3,5,8}.

1. g= {{27 5}7 {47 6, 1}7 {3}7 {7}7 {8}}
2.
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A few more definitions

Let g €Sppand s C{1,2,..., m}.
1. g is the partition of {1,2,..., m} obtained by replacing each
cycle of g by the corresponding set,

oy, | gx) ifxes
2. g5(x) '_{ x  otherwise

Example

Take g = (25)(46 1)(3)(7)(8) € Sg and s = {2,3,5,8}.

1. g= {{2? 5}7 {47 6, 1}7 {3}3 {7}7 {8}}

2. g7 =1[85(1),8:(2). 85(3),8:(4),85(5),8:(6),85(7), 85(8)]
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A few more definitions

Let g €Sppand s C{1,2,..., m}.
1. g is the partition of {1,2,..., m} obtained by replacing each
cycle of g by the corresponding set,

oy, | gx) ifxes
2. g5(x) '_{ x  otherwise

Example

Take g = (25)(46 1)(3)(7)(8) € Sg and s = {2,3,5,8}.
1. g= {{2? 5}7 {47 6, 1}7 {3}3 {7}7 {8}}

2. g7 =1[1,8:(2),8:(3),8:(4), 85(5). 85(6),8:(7), 85 (8)]
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A few more definitions

Let g €Sppand s C{1,2,..., m}.
1. g is the partition of {1,2,..., m} obtained by replacing each
cycle of g by the corresponding set,

oy, | gx) ifxes
2. g5(x) '_{ x  otherwise

Example

Take g = (25)(46 1)(3)(7)(8) € Sg and s = {2,3,5,8}.
1. g= {{2? 5}7 {47 6, 1}7 {3}3 {7}7 {8}}

2. g7 =1[1,8(2),8:(3).85(4),8:(5),8:(6), 85(7), 85 (8)]
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A few more definitions

Let g €Sppand s C{1,2,..., m}.
1. g is the partition of {1,2,..., m} obtained by replacing each
cycle of g by the corresponding set,

oy, | gx) ifxes
2. g5(x) '_{ x  otherwise

Example

Take g = (25)(46 1)(3)(7)(8) € Sg and s = {2,3,5,8}.
1. g= {{2? 5}7 {47 6, 1}7 {3}3 {7}7 {8}}

2. g7 =[1,5,85(3),8:(4).85(5),8:(6),85(7), 85(8)]
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A few more definitions

Let g €Sppand s C{1,2,..., m}.
1. g is the partition of {1,2,..., m} obtained by replacing each
cycle of g by the corresponding set,

oy, | gx) ifxes
2. g5(x) '_{ x  otherwise

Example

Take g = (25)(46 1)(3)(7)(8) € Sg and s = {2,3,5,8}.
1. g= {{2? 5}7 {47 6, 1}7 {3}3 {7}7 {8}}

2. g7 =1[1,5,8(3),8:(4),8:(5), 85(6),8:(7), &5 (8)]
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A few more definitions

Let g €Sppand s C{1,2,..., m}.
1. g is the partition of {1,2,..., m} obtained by replacing each
cycle of g by the corresponding set,

oy, | gx) ifxes
2. g5(x) '_{ x  otherwise

Example

Take g = (25)(46 1)(3)(7)(8) € Sg and s = {2,3,5,8}.
1. g= {{2? 5}7 {47 6, 1}7 {3}3 {7}7 {8}}

2. g7 =[1,5,3,85(4),8:(5),85(6),85(7), 85 (8)]
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A few more definitions

Let g €Sppand s C{1,2,..., m}.
1. g is the partition of {1,2,..., m} obtained by replacing each
cycle of g by the corresponding set,

oy, | gx) ifxes
2. g5(x) '_{ x  otherwise

Example

Take g = (25)(46 1)(3)(7)(8) € Sg and s = {2,3,5,8}.
1. g= {{2? 5}7 {47 6, 1}7 {3}3 {7}7 {8}}

2. g7 =1[1,5,3,4,8:(5),8:(6),8:(7), 85(8)]
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A few more definitions

Let g €Sppand s C{1,2,..., m}.
1. g is the partition of {1,2,..., m} obtained by replacing each
cycle of g by the corresponding set,

oy, | gx) ifxes
2. g5(x) '_{ x  otherwise

Example

Take g = (25)(46 1)(3)(7)(8) € Sg and s = {2,3,5,8}.
1. g= {{2? 5}7 {47 6, 1}7 {3}3 {7}7 {8}}

2. g7 =1[1,5,3,4,8(5),8:(6),85(7),85(8)]
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A few more definitions

Let g €Sppand s C{1,2,..., m}.
1. g is the partition of {1,2,..., m} obtained by replacing each
cycle of g by the corresponding set,

oy, | gx) ifxes
2. g5(x) '_{ x  otherwise

Example

Take g = (25)(46 1)(3)(7)(8) € Sg and s = {2,3,5,8}.
1. g= {{2? 5}7 {47 6, 1}7 {3}3 {7}7 {8}}

2. g7 =[1,5,3,4,2,8(6),8:(7), 8:(8)]
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A few more definitions

Let g €Sppand s C{1,2,..., m}.
1. g is the partition of {1,2,..., m} obtained by replacing each
cycle of g by the corresponding set,

oy, | gx) ifxes
2. g5(x) '_{ x  otherwise

Example

Take g = (25)(46 1)(3)(7)(8) € Sg and s = {2,3,5,8}.
1. g= {{2? 5}7 {47 6, 1}a {3}3 {7}7 {8}}

2. g5 =1[1,5,3,4,2,6,87(7),85(8)]
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A few more definitions

Let g €Sppand s C{1,2,..., m}.
1. g is the partition of {1,2,..., m} obtained by replacing each
cycle of g by the corresponding set,

oy, | gx) ifxes
2. g5(x) '_{ x  otherwise

Example
Take g = (25)(46 1)(3)(7)(8) € Sg and s = {2,3,5,8}.

1. g= {{2?5}7{4763 1}a{3}3{7}7{8}}
2. g¥=11,5,3,4,2,6,7,82(8)]
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A few more definitions

Let g €Sppand s C{1,2,..., m}.
1. g is the partition of {1,2,..., m} obtained by replacing each
cycle of g by the corresponding set,

oy, | gx) ifxes
2. g5(x) '_{ x  otherwise

Example
Take g = (25)(46 1)(3)(7)(8) € Sg and s = {2,3,5,8}.

1. g= {{2?5}7{4763 1}a{3}3{7}7{8}}
2. gr=11,5,3,4,2,6,7,g(8)]
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A few more definitions

Let g €Sppand s C{1,2,..., m}.
1. g is the partition of {1,2,..., m} obtained by replacing each
cycle of g by the corresponding set,

oy, | gx) ifxes
2. g5(x) '_{ x  otherwise

Example
Take g = (25)(46 1)(3)(7)(8) € Sg and s = {2,3,5,8}.

1. g= {{2? 5}7 {47 6, 1}a {3}3 {7}7 {8}}
2. g =[1,5,3,4,2,6,7,8|
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A few more definitions

Let g €Sppand s C{1,2,..., m}.
1. g is the partition of {1,2,..., m} obtained by replacing each
cycle of g by the corresponding set,

oy, | gx) ifxes
2. g5(x) '_{ x  otherwise

Example
Take g = (25)(46 1)(3)(7)(8) € Sg and s = {2,3,5,8}.

1. g= {{2?5}7{4763 1}a{3}3{7}7{8}}
2. g7 =(25)



Generating all atomic differential operators

Algorithm

Require: M = X'LDH, where H is generated by {g1,42,...,8i}
Ensure: true, if M is atomic and false, otherwise.

1. Construct the list of partitions g1, 82,...,8 of {1,...,m+ n};

2: Construct the partition p = sup(g1, 82, .-, 8i);

3: for k from 1 to |p| — 1, do

4: for each k-subset {ci,c,...,ck} C p, do

5 ¢ =Urcick @i

6: if Vg €{g,a,...,g} cisstable under g and
gk € H, then

7 return false.

8 end if

9: end for

10: end for

11: return true.
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Example

Require: M = %, where H is generated by
{61 =(12),,2=(45)}.

Ensure: true, if M is atomic and false, otherwise.



Generating all atomic differential operators

Example

. - X2p3 .

Require: M = 2.5 where H is generated by
{g1=(12),,2 = (45)}.

Ensure: true, if M is atomic and false, otherwise.

1. Construct the list of partitions g1, 82,...,8; of {1,...,m+n};



Generating all atomic differential operators

Example

Require: M = %, where H is generated by
{61 =(12),,2=(45)}.

Ensure: true, if M is atomic and false, otherwise.

1 (&= {{1,2}, {3}, {4}, {5}}, & = {{1}, {2}, {3}, {4,5}});



Generating all atomic differential operators

Example

. - X2p3 .
Require: M = 2.5 where H is generated by

{g1=(12),,2 = (45)}.
Ensure: true, if M is atomic and false, otherwise.

1 (&= {{1,2}, {3}, {4}, {5}}, & = {{1}, {2}, {3}, {4,5}});

2: Construct the partition p = sup(g1, 82);



Generating all atomic differential operators

Example

Require: M = %, where H is generated by
{g1=(12),,2 = (45)}.
Ensure: true, if M is atomic and false, otherwise.
1 (gl = {{17 2}7 {3}7 {4}7 {5}}7 g2 = {{1}a {2}7 {3}7 {4¢ 5}})'
2 p= {{17 2}7 {3}7 {47 5}};



Generating all atomic differential operators

Example

Require: M = %, where H is generated by
{g1=(12),,2 = (45)}.
Ensure: true, if M is atomic and false, otherwise.
1 (gl = {{17 2}7 {3}7 {4}7 {5}}7 g2 = {{1}a {2}7 {3}7 {4¢ 5}})'
2 p= {{17 2}7 {3}7 {47 5}};

3: for kfromlto3—1, do

10: end for



Generating all atomic differential operators

Example

Require: M = %, where H is generated by
{61 =(12),,2=(45)}.

Ensure: true, if M is atomic and false, otherwise.

1: (gl = {{17 2}7 {3}7 {4}7 {5}}7 g2 = {{1}a {2}7 {3}7 {4¢ 5}})'
2 p= {{172}7{3}7{475}};

3: for k=1do

4; for each k-subset {ci,¢,...,ck} C p, do

9: end for

10: end for
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Example

Require: M = %, where H is generated by
{61 =(12),,2=(45)}.

Ensure: true, if M is atomic and false, otherwise.

L (gl = {{17 2}7 {3}7 {4}7 {5}}7 g2 = {{1}a {2}7 {3}7 {4¢ 5}})'
2 p= {{172}7{3}7{475}};

3: for k=1do

4: for {c1 ={1,2}} C p, do

9: end for
10: end for



Generating all atomic differential operators

Example

Require: M = %, where H is generated by
{61 =(12),,2=(45)}.

Ensure: true, if M is atomic and false, otherwise.

L (gl = {{17 2}7 {3}7 {4}7 {5}}7 g2 = {{1}a {2}7 {3}7 {4¢ 5}})'
2 p= {{172}7{3}7{475}};

3: for k=1do

4: for {c1 ={1,2}} C p, do
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Generating all atomic differential operators

Example

Require: M = %, where H is generated by
lgr=(12). = (45)})
Ensure: true, if M is atomic and false, otherwise.
(&1 = {{1,2}. {3}, {4} {5}}. & = {{1}. {2}, {3}, {4,5}});
p = {{17 2}7 {3}7 {47 5}};
for k=1do
for {c1 ={1,2}} C p, do
cC=C

sy

9: end for
10: end for



Generating all atomic differential operators

Example

Require: M = %, where H is generated by

{g1=(12),,2=(45)}.
Ensure: true, if M is atomic and false, otherwise.

L (é’l = {{17 2}7 {3}7 {4}7 {5}}7 & = {{1}7 {2}7 {3}7 {47 5}});

2 p= {{172}a{3}7{475}}1

3: for k=1do

4: for {cp ={1,2}} C p, do

5: c=C

6: if Vg € {g1,8}, cisstable under g and g} € H,
then

8: end if

9: end for

10: end for



Generating all atomic differential operators

Example

Require: M = %, where H is generated by

{g1=(12),,2=(45)}.
Ensure: true, if M is atomic and false, otherwise.

L (é’l = {{17 2}7 {3}7 {4}7 {5}}7 & = {{1}7 {2}7 {3}7 {47 5}});
2 p= {{172}a{3}>{4a5}}1

3: for k=1do

4: for {cp ={1,2}} C p, do

5: c=C

6: if gi(c)=c, g(c)=cand g1t =(12) € H,

ge =Id € H then

8: end if
9: end for
10: end for



Generating all atomic differential operators

Example

Require: M = %, where H is generated by

{g1=(12),,2=(45)}.
Ensure: true, if M is atomic and false, otherwise.

L (é’l = {{17 2}7 {3}7 {4}7 {5}}7 & = {{1}7 {2}7 {3}7 {47 5}});
2 p= {{172}a{3}>{4a5}}1

3: for k=1do

4: for {cp ={1,2}} C p, do

5: c=C

6: if gi(c)=c, g(c)=cand g1t =(12) € H,

ge =Id € H then

7: return false.
8: end if
9: end for

10: end for
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Partial results
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Partial results (cont.)
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Future perspectives

Algorithm analysis

Implementation of the theorem in Sage

Study the factorization of molecular operators
Develop methods to study Q(X, D)F(X) ~ G(X)
Links between Q(X, D) and physics

Study partial differential operators of the form

0] o) 9
Q<X17X27"'an737X1737X27"'737Xk)
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Thank you!
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