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Binary rooted ordered trees (#leaves) → Catalan numbers

Introduction



  

A tree is a caterpillar if :

each node is either a leaf or has at least one leaf as a child 

(a) caterpillars of size 3; (b) caterpillars of size 4

Caterpillar trees



  

Caterpillar trees & viruses trees



  γ = 5

The size of the biggest caterpillar subtree (γ)



  

Counting trees wrt size and γ  by inclusion-exclusion



  

Asymptotic growth

bootstrapping

Trees with no pitchforks → 



  

The average size of the biggest caterpillar subtree E_n(γ)



  

The average size of the biggest caterpillar subtree E_n(γ)



  

The average size of the biggest caterpillar subtree E_n(γ)



  

Caterpillars realized in permutations avoiding 132

a) Bijection Φ:Trees_{n+1} → Permutations_{n}

t Φ(t)

b) π = π_1 π_2  π_… n → r(π_i)  → r(π) = {r(π_i) : 1 <= i <= n}

r(4)

extract those π_j s.t.:
  1) π_j <= π_i
  2) k in ([j,i] U [i,j]) → π_k <= π_i 



  

Caterpillars realized in permutations avoiding 132

a) Bijection Φ:Trees_{n+1} → Permutations_{n}

t Φ(t)

b) π = π_1 π_2  π_… n → r(π_i)  → r(π) = {r(π_i) : 1 <= i <= n}

r(5)

extract those π_j s.t.:
  1) π_j <= π_i
  2) k in ([j,i] U [i,j]) → π_k <= π_i 



  

Caterpillars realized in permutations avoiding 132

a) Bijection Φ:Trees_{n+1} → Permutations_{n}

t Φ(t)

b) π = π_1 π_2  π_… n → r(π_i)  → r(π) = {r(π_i) : 1 <= i <= n}

r(3)

extract those π_j s.t.:
  1) π_j <= π_i
  2) k in ([j,i] U [i,j]) → π_k <= π_i 



  

Caterpillars realized in permutations avoiding 132

a) Bijection Φ:Trees_{n+1} → Permutations_{n}

t Φ(t)

b) π = π_1 π_2  π_… n → r(π_i)  → r(π) = {r(π_i) : 1 <= i <= n}

r(1)

extract those π_j s.t.:
  1) π_j <= π_i
  2) k in ([j,i] U [i,j]) → π_k <= π_i 



  

Caterpillars realized in permutations avoiding 132

a) Bijection Φ:Trees_{n+1} → Permutations_{n}

t Φ(t)

b) π = π_1 π_2  π_… n → r(π_i)  → r(π) = {r(π_i) : 1 <= i <= n}

r(2)

extract those π_j s.t.:
  1) π_j <= π_i
  2) k in ([j,i] U [i,j]) → π_k <= π_i 



  

Caterpillars realized in permutations avoiding 132

a) Bijection Φ:Trees_{n+1} → Permutations_{n}

t Φ(t)

b) π = π_1 π_2  π_… n → r(π_i)  → r(π) = {r(π_i) : 1 <= i <= n}

r(6)

extract those π_j s.t.:
  1) π_j <= π_i
  2) k in ([j,i] U [i,j]) → π_k <= π_i 



  

Caterpillars realized in permutations avoiding 132

a) Bijection Φ:Trees_{n+1} → Permutations_{n}

t Φ(t)

b) π = π_1 π_2  π_… n → r(π_i)  → r(π) = {r(π_i) : 1 <= i <= n}

r(8)

extract those π_j s.t.:
  1) π_j <= π_i
  2) k in ([j,i] U [i,j]) → π_k <= π_i 



  

Caterpillars realized in permutations avoiding 132

a) Bijection Φ:Trees_{n+1} → Permutations_{n}

t Φ(t)

b) π = π_1 π_2  π_… n → r(π_i)  → r(π) = {r(π_i) : 1 <= i <= n}

r(7)

extract those π_j s.t.:
  1) π_j <= π_i
  2) k in ([j,i] U [i,j]) → π_k <= π_i 



  

Caterpillars realized in permutations avoiding 132

Fact 1): Caterpillar subtrees of t correspond to those permutations in r(φ(t)) avoiding 231, 
which means having no peaks (132 is forbidden, then 231 ↔ peak).

10 11 12 9 7 5 4 6 8 2 3 1 13

r(10) = 1



  

Caterpillars realized in permutations avoiding 132

Fact 1): Caterpillar subtrees of t correspond to those permutations in r(φ(t)) avoiding 231, 
which means having no peaks (132 is forbidden, then 231 ↔ peak).

10 11 12 9 7 5 4 6 8 2 3 1 13

r(11) = 1 2



  

Caterpillars realized in permutations avoiding 132

Fact 1): Caterpillar subtrees of t correspond to those permutations in r(φ(t)) avoiding 231, 
which means having no peaks (132 is forbidden, then 231 ↔ peak).

10 11 12 9 7 5 4 6 8 2 3 1 13

r(4) = 1



  

Caterpillars realized in permutations avoiding 132

Fact 1): Caterpillar subtrees of t correspond to those permutations in r(φ(t)) avoiding 231, 
which means having no peaks (132 is forbidden, then 231 ↔ peak).

10 11 12 9 7 5 4 6 8 2 3 1 13

r(7) = 4 2 1 3



  

Caterpillars realized in permutations avoiding 132

Fact 1): Caterpillar subtrees of t correspond to those permutations in r(φ(t)) avoiding 231, 
which means having no peaks (132 is forbidden, then 231 ↔ peak).

10 11 12 9 7 5 4 6 8 2 3 1 13

r(6) = 2 1 3



  

Caterpillars realized in permutations avoiding 132

Fact 1): Caterpillar subtrees of t correspond to those permutations in r(φ(t)) avoiding 231, 
which means having no peaks (132 is forbidden, then 231 ↔ peak).

10 11 12 9 7 5 4 6 8 2 3 1 13

R(8) = 7 5 4 6 8 2 3 1      8 and 3 are peaks



  

Caterpillars realized in permutations avoiding 132

Fact 1): Caterpillar subtrees of t correspond to those permutations in r(φ(t)) avoiding 231, 
which means having no peaks (132 is forbidden, then 231 ↔ peak).

10 11 12 9 7 5 4 6 8 2 3 1 13

R(3) = 2 3 1       3 is a peak



  

Caterpillars realized in permutations avoiding 132

Fact 2): Trees with no pitchforks correspond to those permutations π avoiding 132 such that
each element of r(π) whose size is greater than one contains the pattern 231, which
means containing at least one peak (132 is forbidden, then 231 ↔ peak).  

7 8 6 9 5 10 4 2 3 1



  

Caterpillars realized in permutations avoiding 132

Fact 2): Trees with no pitchforks correspond to those permutations π avoiding 132 such that
each element of r(π) whose size is greater than one contains the pattern 231, which
means containing at least one peak (132 is forbidden, then 231 ↔ peak).  

7 8 6 9 5 10 4 2 3 1



  

Caterpillars realized in permutations avoiding 132

Fact 2): Trees with no pitchforks correspond to those permutations π avoiding 132 such that
each element of r(π) whose size is greater than one contains the pattern 231, which
means containing at least one peak (132 is forbidden, then 231 ↔ peak).  

7 8 6 9 5 10 4 2 3 1



  

Caterpillars realized in permutations avoiding 132

Fact 2): Trees with no pitchforks correspond to those permutations π avoiding 132 such that
each element of r(π) whose size is greater than one contains the pattern 231, which
means containing at least one peak (132 is forbidden, then 231 ↔ peak).  

7 8 6 9 5 10 4 2 3 1



  

Caterpillars realized in permutations avoiding 132

Fact 2): Trees with no pitchforks correspond to those permutations π avoiding 132 such that
each element of r(π) whose size is greater than one contains the pattern 231, which
means containing at least one peak (132 is forbidden, then 231 ↔ peak).  

7 8 6 9 5 10 4 2 3 1



  

Further works, thanks and questions

a) caterpillars and binary rooted un-ordered trees

b) further studies on r(π) and permutations

Thank you for your attention,
             
             any question?
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