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Background

Focus

Sorting algorithms ú Pattern avoidance

Theorem (Knuth, 1973)

SortpSq � Avp231q
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The algorithm

repeat
for i from 1 to |σ| � 1

if σi ¡ σi�1

swap(σi , σi�1)
end

end
until σ is sorted

Example
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The algorithm

repeat
repeat

if firstpinputq   toppstackq _ stack �� ∅
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else
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end
until input Y stack �� ∅

until output is sorted

Example

output input

st
ac

k
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push

else
pop

end
until input Y stack �� ∅

,////////.
////////-

S

until output is sorted

Example

3 2 4 5 1 6

Luca S. Ferrari Bubblesort, stacksort and their duals



Stacksort

The algorithm

repeat
repeat

if firstpinputq   toppstackq _ stack �� ∅
push

else
pop

end
until input Y stack �� ∅

,////////.
////////-

S

until output is sorted

Example

Spσq � 3 2 4 5 1 6 σ � 5 3 4 2 6 1
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Stacksort

Left-to-right maxima definition

SpM1 u1 � � �Mk ukq � Spu1qM1 � � � SpukqMk

Example

Recursive definition

Spα n βq � Spαq Spβq n

Example
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Example
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Recursive definition
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Example

Luca S. Ferrari Bubblesort, stacksort and their duals
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Left-to-right maxima definition

SpM1 u1 � � �Mk ukq � Spu1qM1 � � � SpukqMk

Example
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Recursive definition
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Example
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Left-to-right maxima definition

SpM1 u1 � � �Mk ukq � Spu1qM1 � � � SpukqMk

Example
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Spσq � 3 5 7

Recursive definition
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Example
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Stacksort

Left-to-right maxima definition

SpM1 u1 � � �Mk ukq � Spu1qM1 � � � SpukqMk

Example

σ � 2 1 4 8 6
Spσq � 3 5 7 9

Recursive definition

Spα n βq � Spαq Spβq n

Example
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Stacksort

Left-to-right maxima definition

SpM1 u1 � � �Mk ukq � Spu1qM1 � � � SpukqMk

Example

σ � 1 4 8 6
Spσq � 3 5 7 2 9

Recursive definition

Spα n βq � Spαq Spβq n

Example
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Stacksort

Left-to-right maxima definition

SpM1 u1 � � �Mk ukq � Spu1qM1 � � � SpukqMk

Example

σ � 4 8 6
Spσq � 3 5 7 1 2 9

Recursive definition

Spα n βq � Spαq Spβq n

Example

Luca S. Ferrari Bubblesort, stacksort and their duals



Stacksort

Left-to-right maxima definition

SpM1 u1 � � �Mk ukq � Spu1qM1 � � � SpukqMk

Example

σ � 8 6
Spσq � 3 5 7 1 2 4 9

Recursive definition

Spα n βq � Spαq Spβq n

Example
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Stacksort

Left-to-right maxima definition

SpM1 u1 � � �Mk ukq � Spu1qM1 � � � SpukqMk

Example

σ � 6
Spσq � 3 5 7 1 2 4 8 9

Recursive definition

Spα n βq � Spαq Spβq n

Example
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Bubblesort and stacksort

Proposition

B � S � S � B

Proof

2 4 3 1

2 1 3 4

2 3 1 4

1 2 3 4

2 1 3 4

S

B

B

S
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Bubblesort and stacksort
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Proof
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2 1 3 4
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B
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Dual sorting algorithms

Reverse-complement operator

ρ � r � c

Example

σ � 3 2 6 4 1 8 7 5

c pσqi � n�1�σi

��
c pσq � 6 7 3 5 8 1 2 4

r rc pσqsi � c pσqn�1�i

��
r � c pσq � 4 2 1 8 5 3 7 6
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Dual sorting algorithms
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Example
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Dual sorting algorithms

Dual bubblesort

B̃ � ρ � B � ρ

Dual stacksort

S̃ � ρ � S � ρ

Remark

Left-to-right maxima
ρ // Right-to-left minimaoo
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Dual sorting algorithms

Dual bubblesort

B̃ � ρ � B � ρ

Dual stacksort

S̃ � ρ � S � ρ

Remark

Left-to-right maxima
ρ // Right-to-left minimaoo
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Overview

Bubblesort

σ read from left to right

swap ðñ σi ¡ σi�1

pMi ui qi
B // pui Mi qi

Bpα n βq � Bpαqβ n

Stacksort

output input

st
ac

k

pop ðñ input ¡ stack

pMi ui qi
S // pSpui qMi qi

Spα n βq � Spαq Spβq n

Dual bubblesort

σ read from right to left

swap ðñ σi ¡ σi�1

pvj mjqj
B̃ // pmj vjqj

B̃pτ 1ωq � 1 τ B̃pωq

Dual stacksort

input output

st
ac

k

pop ðñ input   stack

pvj mjqj
S̃ // pmj S̃pvjqqj

S̃pτ 1ωq � 1 S̃pτq S̃pωq
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Commutation results

Theorem

B � B̃ � B̃ � B

pB � ρq2 � pρ � Bq2

S � B̃ � B̃ � S S � ρ � B � ρ � ρ � B � ρ � S

S̃ � B � B � S̃ ρ � S � ρ � B � B � ρ � S � ρ

Sketch of the proof

Introduce the local sorting operators

M1 u1 � � �Mi ui � � �Mk uk

BMi // M1 u1 � � � ui Mi � � �Mk uk

vh mh � � � vj mj � � � v1 m1

B̃mj // vh mh � � �mj vj � � � v1 m1

B � BM1 � BM2 � � � � � BMk

B̃ � B̃m1 � B̃m2 � � � � � B̃mh

B � B̃ � B̃ � B ðñ BMi
� B̃mj � B̃mj � BMi

@ i , j

S � B̃ � B̃ � S ðñ S � B̃mj � B̃mj � S @ j
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Commutation results

Proposition

B � S � S � B

B̃ � S̃ � S̃ � B̃

S � S̃ � S̃ � S

Proof

2 4 3 1

1 2 3 4

2 1 3 4

B � S

S � B

4 2 1 3

1 2 3 4

1 2 4 3

B̃ � S̃

S̃ � B̃

3 4 2 1

1 2 3 4

1 3 2 4

S � S̃

S̃ � S
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Pattern avoidance

Definition

σ avoids a pattern τ
(σ P Avpτq)

ðñ
σ has no subsequences
order-isomorphic to τ

Avoiding a set of pattern

Avpτ1 � � � τkq �
k£

i�1

Avpτi q

Example

σ P Avp231, 312q

σ R Avp132q
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Sorting algorithms and pattern avoidance

Permutations sorted by A

SortpAq � tσ | Apσq � 12 � � � nu

Theorem (Knuth, 1973)

SortpSq � Avp231q

Theorem (Albert, Atkinson, Bouvel, Claesson and Dukes, 2011)

SortpBq � Avp231, 321q

SortpS � Bq � Avp2341, 2431, 3241, 4231q

Theorem (Barnabei, Bonetti and Silimbani, 2012)

SortpB̃ � Bq � Avp3412, 3421, 4312, 4321q
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Sorting algorithms and pattern avoidance

Inflation of σ by α1, α2, . . . , αn

σ � σ1σ2 . . . σn
σ rα1, α2, . . . , αns � p1 p2 . . . pn

pi order-isomorphic to αi , @ i
pi   pj ðñ σi   σj , @ i , j

Example

3 1 2 r21, 213, 132s �

Inflations of σ by αi of fixed length

σ J`1, . . . , `nK � tσ rα1, . . . αns : |αi | � `i , @ iu

Example

2 3 1 J2, 1, 2K � t3 4 5 1 2, 3 4 5 2 1, 4 3 5 1 2, 4 3 5 2 1u
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Sorting algorithms and pattern avoidance

Theorem (Albert, Atkinson, Bouvel, Claesson and Dukes, 2011)

SortpBhq � Avp2 1 Jh � 1, 1Kq

Corollary

SortpB̃kq � Avp2 1 J1, k � 1Kq

Theorem

SortpBh � B̃kq � Avp2 1 Jh � 1, k � 1Kq

Example

SortpB � B̃q � Avp2 1 J2, 2Kq � Avp3412, 3421, 4312, 4321q

Luca S. Ferrari Bubblesort, stacksort and their duals



Sorting algorithms and pattern avoidance

Theorem (Albert, Atkinson, Bouvel, Claesson and Dukes, 2011)

SortpBhq � Avp2 1 Jh � 1, 1Kq

Corollary

SortpB̃kq � Avp2 1 J1, k � 1Kq

Theorem

SortpBh � B̃kq � Avp2 1 Jh � 1, k � 1Kq

Example

SortpB � B̃q � Avp2 1 J2, 2Kq � Avp3412, 3421, 4312, 4321q

Luca S. Ferrari Bubblesort, stacksort and their duals



Sorting algorithms and pattern avoidance

Theorem (Albert, Atkinson, Bouvel, Claesson and Dukes, 2011)

SortpBhq � Avp2 1 Jh � 1, 1Kq

Corollary

SortpB̃kq � Avp2 1 J1, k � 1Kq

Theorem

SortpBh � B̃kq � Avp2 1 Jh � 1, k � 1Kq

Example

SortpB � B̃q � Avp2 1 J2, 2Kq � Avp3412, 3421, 4312, 4321q

Luca S. Ferrari Bubblesort, stacksort and their duals



Sorting algorithms and pattern avoidance

Theorem (Albert, Atkinson, Bouvel, Claesson and Dukes, 2011)

SortpBhq � Avp2 1 Jh � 1, 1Kq

Corollary

SortpB̃kq � Avp2 1 J1, k � 1Kq

Theorem

SortpBh � B̃kq � Avp2 1 Jh � 1, k � 1Kq

Example

SortpB � B̃q � Avp2 1 J2, 2Kq � Avp3412, 3421, 4312, 4321q

Luca S. Ferrari Bubblesort, stacksort and their duals



Sorting algorithms and pattern avoidance

Theorem (Albert, Atkinson, Bouvel, Claesson and Dukes, 2011)

SortpBhq � Avp2 1 Jh � 1, 1Kq

Corollary

SortpB̃kq � Avp2 1 J1, k � 1Kq

Theorem

SortpBh � B̃kq � Avp2 1 Jh � 1, k � 1Kq

Example

SortpB � B̃q � Avp2 1 J2, 2Kq � Avp3412, 3421, 4312, 4321q

Luca S. Ferrari Bubblesort, stacksort and their duals



Sorting algorithms and pattern avoidance

Theorem (Albert, Atkinson, Bouvel, Claesson and Dukes, 2011)

SortpBhq � Avp2 1 Jh � 1, 1Kq

Corollary

SortpB̃kq � Avp2 1 J1, k � 1Kq

Theorem

SortpBh � B̃kq � Avp2 1 Jh � 1, k � 1Kq

Example

SortpB � B̃q � Avp2 1 J2, 2Kq � Avp3412, 3421, 4312, 4321q

Luca S. Ferrari Bubblesort, stacksort and their duals



Sorting algorithms and pattern avoidance

Theorem (Albert, Atkinson, Bouvel, Claesson and Dukes, 2011)

SortpBhq � Avp2 1 Jh � 1, 1Kq

Corollary

SortpB̃kq � Avp2 1 J1, k � 1Kq

Theorem

SortpBh � B̃kq � Avp2 1 Jh � 1, k � 1Kq

Example

SortpB � B̃q � Avp2 1 J2, 2Kq � Avp3412, 3421, 4312, 4321q

Luca S. Ferrari Bubblesort, stacksort and their duals



Commutation properties among
bubblesort, stacksort and their duals

Luca S. Ferrari

Dipartimento di Matematica
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