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Sorting algorithms «~~ Pattern avoidance

Theorem (Knuth, 1973)

Sort(S) = Av(231)
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Bubblesort

The algorithm

repeat
for i from 1 to |o| — 1
if Oj > 0j41
swap(oj, 0i+1)
end
end
until o is sorted
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Bubblesort

The algorithm

repeat
for i from 1 to |o| — 1
if Oj > 0j41
swap(o;, 0it1) B
end
end
until o is sorted
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Bubblesort

The algorithm

repeat
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if Oj > 0j41
swap(o;, 0it1) B
end
end
until o is sorted

0c=325146
235146

Luca S. Ferrari Bubblesort, stacksort and their duals



Bubblesort

The algorithm

repeat
for i from 1 to |o| — 1
if Oj > 0j41
swap(o;, 0it1) B
end
end
until o is sorted

0c=325146
231546
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Bubblesort

The algorithm

repeat
for i from 1 to |o| — 1
if Oj > 0j41
swap(o;, 0it1) B
end
end
until o is sorted

0c=325146
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Bubblesort

The algorithm

repeat
for i from 1 to |o| — 1
if Oj > 0j41
swap(o;, 0it1) B
end
end
until o is sorted

0c=325146
231456
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Bubblesort

The algorithm

repeat
for i from 1 to |o| — 1
if Oj > 0j41
swap(o;, 0it1) B
end
end
until o is sorted

0c=325146
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Bubblesort

The algorithm

repeat
for i from 1 to |o| — 1
if Oj > 0j41
swap(o;, 0it1) B
end
end
until o is sorted

o =325146
B(c) =231456
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The algorithm
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The algorithm
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The algorithm
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Bubblesort

The algorithm

repeat
for i from 1 to |o| — 1
if Oj > 0j41
swap(o;, 0it1) B
end
end
until o is sorted

o =325146
B(c) =231456
213456
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Bubblesort

The algorithm

repeat
for i from 1 to |o| — 1
if Oj > 0j41
swap(o;, 0it1) B
end
end
until o is sorted
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Bubblesort

The algorithm

repeat
for i from 1 to |o| — 1
if Oj > 0j41
swap(o;, 0it1) B
end
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Bubblesort

The algorithm

repeat
for i from 1 to |o| — 1
if Oj > 0j41
swap(o;, 0it1) B
end
end
until o is sorted

o =325146
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Bubblesort

The algorithm

repeat
for i from 1 to |o| — 1
if Oj > 0j41
swap(o;, 0it1) B
end
end
until o is sorted

o =325146
B(oc) =231456
B?(0) =213456
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Bubblesort

The algorithm

repeat
for i from 1 to |o| — 1
if Oj > 0j41
swap(o;, 0it1) B
end
end
until o is sorted

o =325146
B(oc) =231456
B?(0) =213456
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Bubblesort

The algorithm

repeat
for i from 1 to |o| — 1
if Oj > 0j41
swap(o;, 0it1) B
end
end
until o is sorted

o =325146
B(oc) =231456
B?(0) =213456
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Bubblesort

The algorithm

repeat
for i from 1 to |o| — 1
if Oj > 0j41
swap(o;, 0it1) B
end
end
until o is sorted

o =325146
B(oc) =231456
B?(0) =213456

123456
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Bubblesort

The algorithm

repeat
for i from 1 to |o| — 1
if Oj > 0j41
swap(o;, 0it1) B
end
end
until o is sorted

o =325146
B(oc) =231456
B?(0) =213456
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Bubblesort

The algorithm

repeat
for i from 1 to |o| — 1
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swap(o;, 0it1) B
end
end
until o is sorted
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Bubblesort

The algorithm

repeat
for i from 1 to |o| — 1
if Oj > 0j41
swap(o;, 0it1) B
end
end
until o is sorted

o =325146
B(oc) =231456
B?(0) =213456

123456
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Bubblesort

The algorithm

repeat
for i from 1 to |o| — 1
if Oj > 0j41
swap(o;, 0it1) B
end
end
until o is sorted

o =325146
B(oc) =231456
B?(0) =213456

123456
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Bubblesort

The algorithm

repeat
for i from 1 to |o| — 1
if Oj > 0j41
swap(o;, 0it1) B
end
end
until o is sorted

o =325146
B(oc) =231456
B?(0) =213456
B3(0) =123456
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Bubblesort

Left-to-right maxima definition

B(M1U1M2U2---Mkuk)=U1M1UQM2---UkMk
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Bubblesort

Left-to-right maxima definition

B(M1U1M2U2---Mkuk)=U1M1UQM2---UkMk

o = 523849176
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Bubblesort

Left-to-right maxima definition

B(M1U1M2U2---Mkuk)=U1M1UQM2---UkMk

o = 523849176
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Bubblesort

Left-to-right maxima definition

B(M1U1M2U2---Mkuk)=U1M1UQM2---UkMk

Example

523849176

g

B(o) =
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Bubblesort

Left-to-right maxima definition

B(M1U1M2U2---Mkuk)=U1M1UQM2---UkMk

Example

o =5 849176
B(o) = 23
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Bubblesort

Left-to-right maxima definition

B(M1U1M2U2---Mkuk)=U1M1UQM2---UkMk

Example

o = 849176
B(o) = 235
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Bubblesort

Left-to-right maxima definition

B(M1U1M2U2---Mkuk)=U1M1UQM2---UkMk

Example

o = 8 9176
B(o) = 2354
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Bubblesort

Left-to-right maxima definition

B(M1U1M2U2---Mkuk)=U1M1UQM2---UkMk

Example

o = 9176
B(c) = 23548
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Bubblesort

Left-to-right maxima definition

B(M1U1M2U2---Mkuk)=U1M1UQM2---UkMk

Example

T = 9
B(c) = 23548176
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Bubblesort

Left-to-right maxima definition

B(M1U1M2U2---Mkuk)=U1M1UQM2---UkMk

Example

g =

B(s) = 235481769
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Bubblesort

Left-to-right maxima definition

B(M1U1M2U2---Mkuk)=U1M1UQM2---UkMk

Example

523849176
235481769

g

B(o)
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Bubblesort

Left-to-right maxima definition

B(M1U1M2U2---Mkuk)=U1M1UQM2---UkMk

Example

523849176
B(J) = 235481769

A

Recursive definition
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Bubblesort

Left-to-right maxima definition

B(M1U1M2U2---Mkuk)=U1M1U2M2---uk/\/lk

Example

o = 523849176
B(s) = 235481769

Recursive definition

B(anp) = B(a)fn

0=523849176
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Bubblesort

Left-to-right maxima definition

B(M1U1M2U2---Mkuk)=U1M1U2M2---uk/\/lk

Example

o = 523849176
B(s) = 235481769

Recursive definition

B(anp) = B(a)fn

0=523849176
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Bubblesort

Left-to-right maxima definition

B(M1U1M2U2---Mkuk)=U1M1U2M2---uk/\/lk

Example

o = 523849176
B(s) = 235481769

Recursive definition

B(anp) = B(a)fn

0c=52384 176
9
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Bubblesort

Left-to-right maxima definition

B(M1U1M2U2---Mkuk)=U1M1U2M2---uk/\/lk

Example

o = 523849176
B(s) = 235481769

Recursive definition

B(anp) = B(a)fn

oc=52384
1769
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Bubblesort

Left-to-right maxima definition

B(M1U1M2U2---Mkuk)=U1M1U2M2---uk/\/lk

Example

o = 523849176
B(s) = 235481769

Recursive definition

B(anp) = B(a)fn

oc=52384
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Bubblesort

Left-to-right maxima definition

B(M1U1M2U2---Mkuk)=U1M1U2M2---uk/\/lk

Example

o = 523849176
B(s) = 235481769

Recursive definition

B(anp) = B(a)fn

oc=523 4
81769
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Bubblesort

Left-to-right maxima definition

B(M1U1M2U2---Mkuk)=U1M1U2M2---uk/\/lk

Example

o = 523849176
B(s) = 235481769

Recursive definition

B(anp) = B(a)fn

oc=523
481769

Luca S. Ferrari Bubblesort, stacksort and their duals



Bubblesort

Left-to-right maxima definition

B(M1U1M2U2---Mkuk)=U1M1U2M2---uk/\/lk

Example

o = 523849176
B(s) = 235481769

Recursive definition

B(anp) = B(a)fn

oc=523
481769
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Bubblesort

Left-to-right maxima definition

B(M1U1M2U2---Mkuk)=U1M1U2M2---uk/\/lk

Example

o = 523849176
B(s) = 235481769

Recursive definition

B(anp) = B(a)fn

o= 23
5481769
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Bubblesort

Left-to-right maxima definition

B(M1U1M2U2---Mkuk)=U1M1U2M2---uk/\/lk

Example

o = 523849176
B(s) = 235481769

Recursive definition

B(anp) = B(a)fn

o =

235481769
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Bubblesort

Left-to-right maxima definition

B(M1U1M2U2---Mkuk)=U1M1U2M2---uk/\/lk

Example

523849176
B(U) = 235481769

Recursive definition

o =523849176
B(o) =235481769
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Stacksort

The algorithm

repeat
repeat
if first(input) < top(stack) v stack == @&
push
else
pop
end
until input U stack == @
until output is sorted
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Stacksort

The algorithm

repeat
repeat
if first(input) < top(stack) v stack == @
push
else S
pop
end
until input U stack ==
until output is sorted

N
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Stacksort

The algorithm

repeat
repeat
if first(input) < top(stack) v stack == @
push
else S
pop
end
until input U stack ==
until output is sorted

N
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Stacksort

The algorithm

repeat
repeat
if first(input) < top(stack) v stack == &
push
else S
pop
end
until input U stack ==
until output is sorted

N

534261
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Stacksort

The algorithm

repeat
repeat
if first(input) < top(stack) v stack == &
push
else S
pop
end
until input U stack ==
until output is sorted

N

534261

Luca S. Ferrari Bubblesort, stacksort and their duals



Stacksort

The algorithm

repeat
repeat
if first(input) < top(stack) v stack == &
push
else S
pop
end
until input U stack ==
until output is sorted

N

34261
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Stacksort

The algorithm

repeat
repeat
if first(input) < top(stack) v stack == &
push
else S
pop
end
until input U stack ==
until output is sorted

N

34261
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Stacksort

The algorithm

repeat
repeat
if first(input) < top(stack) v stack == &
push
else S
pop
end
until input U stack ==
until output is sorted

N

4261
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Stacksort

The algorithm

repeat
repeat
if first(input) < top(stack) v stack == &
push
else S
pop
end
until input U stack ==
until output is sorted

N

4261
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Stacksort

The algorithm

repeat
repeat
if first(input) < top(stack) v stack == &
push
else S
pop
end
until input U stack ==
until output is sorted

N

3 4261
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Stacksort

The algorithm

repeat
repeat
if first(input) < top(stack) v stack == &
push
else S
pop
end
until input U stack ==
until output is sorted

N
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Stacksort

The algorithm

repeat
repeat
if first(input) < top(stack) v stack == &
push
else S
pop
end
until input U stack ==
until output is sorted

N
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Stacksort

The algorithm

repeat
repeat
if first(input) < top(stack) v stack == &
push
else S
pop
end
until input U stack ==
until output is sorted

N

Luca S. Ferrari Bubblesort, stacksort and their duals



Stacksort

The algorithm

repeat
repeat
if first(input) < top(stack) v stack == &
push
else S
pop
end
until input U stack ==
until output is sorted

N
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Stacksort

The algorithm

repeat
repeat
if first(input) < top(stack) v stack == &
push
else S
pop
end
until input U stack ==
until output is sorted

N
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Stacksort

The algorithm

repeat
repeat
if first(input) < top(stack) v stack == &
push
else S
pop
end
until input U stack ==
until output is sorted

N
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Stacksort

The algorithm

repeat
repeat
if first(input) < top(stack) v stack == &
push
else S
pop
end
until input U stack ==
until output is sorted

N

3245 61
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Stacksort

The algorithm

repeat
repeat
if first(input) < top(stack) v stack == &
push
else S
pop
end
until input U stack ==
until output is sorted

N

3245 1
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Stacksort

The algorithm

repeat
repeat
if first(input) < top(stack) v stack == &
push
else S
pop
end
until input U stack ==
until output is sorted

N

3245 1
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Stacksort

The algorithm

repeat
repeat
if first(input) < top(stack) v stack == &
push
else S
pop
end
until input U stack ==
until output is sorted

N

3245
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Stacksort

The algorithm

repeat
repeat
if first(input) < top(stack) v stack == &
push
else S
pop
end
until input U stack ==
until output is sorted

N

32451
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Stacksort

The algorithm

repeat
repeat
if first(input) < top(stack) v stack == &
push
else S
pop
end
until input U stack ==
until output is sorted

N

324516
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Stacksort

The algorithm

repeat
repeat
if first(input) < top(stack) v stack == &
push
else S
pop
end
until input U stack ==
until output is sorted

N

S(0) =324516 o =534261
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Stacksort

Left-to-right maxima definition

S(Ml up--- Mk Uk) = S(Ul) Ml e -S(Uk) Mk
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Stacksort

Left-to-right maxima definition

S(Ml up--- Mk Uk) = S(Ul) Ml e -S(Uk) Mk

0=537921486
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Stacksort

Left-to-right maxima definition

S(Ml up--- Mk Uk) = S(Ul) Ml e -S(Uk) Mk

0=537921486
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Stacksort

Left-to-right maxima definition

S(Ml up--- Mk Uk) = S(Ul) Ml e -S(Uk) Mk

o =537921486
S(0) =
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Stacksort

Left-to-right maxima definition

S(Ml up--- Mk Uk) = S(Ul) Ml e -S(Uk) Mk

37921486
5

S(o) ;
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Stacksort

Left-to-right maxima definition

S(Ml up--- Mk Uk) = S(Ul) Ml e -S(Uk) Mk

= 7921486
35

S(o)
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Stacksort

Left-to-right maxima definition

S(Ml up--- Mk Uk) = S(Ul) Ml e -S(Uk) Mk

= 921486
357

S(o)
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Stacksort

Left-to-right maxima definition

S(Ml up--- Mk Uk) = S(Ul) Ml e -S(Uk) Mk

= 21486
357 9

S(o)
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Stacksort

Left-to-right maxima definition

S(Ml up--- Mk Uk) = S(Ul) Ml e -S(Uk) Mk

= 21486
357 9

S(o)
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Stacksort

Left-to-right maxima definition

S(Ml up--- Mk Uk) = S(Ul) Ml e -S(Uk) Mk

o= 1486
S(o) =357 2 9
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Stacksort

Left-to-right maxima definition

S(Ml up--- Mk Uk) = S(Ul) Ml e -S(Uk) Mk

o= 486
S(e)=35712 9
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Stacksort

Left-to-right maxima definition

S(Ml up--- Mk Uk) = S(Ul) Ml e -S(Uk) Mk

Example

o 86
S(c) =357124 9
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Stacksort

Left-to-right maxima definition

S(Ml up--- Mk Uk) = S(Ul) Ml e -S(Uk) Mk

Example

o= 6
S(c) =357124 89
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Stacksort

Left-to-right maxima definition

S(Ml up--- Mk Uk) = S(Ul) Ml e -S(Uk) Mk

g
S(0) =357124689
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Stacksort

Left-to-right maxima definition

S(Ml up--- Mk Uk) = S(Ul) Ml e -S(Uk) Mk

o =537921486
S(0) =357124689
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Stacksort

Left-to-right maxima definition
S(Ml uyg--- Mk Uk) = S(Ul) Ml e S(Uk) Mk

o =537921486
S(0) =357124689

A

Recursive definition

S(anp) = 5(a) S(B)n
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Stacksort

Left-to-right maxima definition

S(Ml up--- Mk Uk) = S(Ul) Ml e -S(Uk) Mk

o =537921486
S(0) =357124689

Recursive definition

S(anp) = 5(a) S(B)n

0=537921486
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Stacksort

Left-to-right maxima definition

S(Ml up--- Mk Uk) = S(Ul) Ml e -S(Uk) Mk

o =537921486
S(0) =357124689

Recursive definition

S(anp) = 5(a) S(B)n

0=537921486
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Stacksort

Left-to-right maxima definition

S(Ml up--- Mk Uk) = S(Ul) Ml e -S(Uk) Mk

o =537921486
S(0) =357124689

Recursive definition

S(anp) = 5(a) S(B)n

oc=537 21486
9
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Stacksort

Left-to-right maxima definition

S(Ml up--- Mk Uk) = S(Ul) Ml e -S(Uk) Mk

o =537921486
S(0) =357124689

Recursive definition

S(anp) = 5(a) S(B)n

o=537 21486
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Stacksort

Left-to-right maxima definition

S(Ml up--- Mk Uk) = S(Ul) Ml e -S(Uk) Mk

o =537921486
S(0) =357124689

Recursive definition

S(anp) = 5(a) S(B)n

o= 3 214 6
57 89
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Stacksort

Left-to-right maxima definition

S(Ml up--- Mk Uk) = S(Ul) Ml e -S(Uk) Mk

o =537921486
S(0) =357124689

Recursive definition

S(anp) = 5(a) S(B)n

c= 3 21 6
57 4 89
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Stacksort

Left-to-right maxima definition

S(Ml up--- Mk Uk) = S(Ul) Ml e -S(Uk) Mk

o =537921486
S(0) =357124689

Recursive definition

S(anp) = 5(a) S(B)n

o= 21
357 4689
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Stacksort

Left-to-right maxima definition

S(Ml up--- Mk Uk) = S(Ul) Ml e -S(Uk) Mk

o =537921486
S(0) =357124689

Recursive definition

S(anp) = 5(a) S(B)n

o= 1

357 24689
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Stacksort

Left-to-right maxima definition

S(Ml up--- Mk Uk) = S(Ul) Ml e -S(Uk) Mk

o =537921486
S(0) =357124689

Recursive definition

S(anp) = 5(a) S(B)n

o= 1
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Stacksort

Left-to-right maxima definition

S(Ml up--- Mk Uk) = S(Ul) Ml e -S(Uk) Mk

o =537921486
S(0) =357124689

Recursive definition

S(anp) = 5(a) S(B)n

g =

357124689
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Stacksort

Left-to-right maxima definition

S(Ml up--- Mk Uk) = S(Ul) Ml e -S(Uk) Mk

o =537921486
S(0) =357124689

Recursive definition

S(anp) = 5(a) S(B)n

o =537921486
S(0) =357124689
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Bubblesort and stacksort

Proposition
BoS+#SoB
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Bubblesort and stacksort

BoS#So0oB
B 1234
5 2134 —
2431
\\E\sz\%u\\\s
S 2134
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Dual sorting algorithms
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Dual sorting algorithms

Reverse-complement operator

p=roc
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Dual sorting algorithms

Reverse-complement operator

p=roc
0=32641875
i c(0);=n+1—0;

c(c)=67358124
i rlc(@)];=c(0)py1—;
roc(oc)=42185376
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Dual sorting algorithms

Dual bubblesort

B=poBop

Luca S. Ferrari Bubblesort, stacksort and their duals



Dual sorting algorithms

Dual bubblesort

B=poBop

Dual stacksort

S=poSop
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Dual sorting algorithms

Dual bubblesort

é:poBop
S=poSop

Left-to-right maxima DL Right-to-left minima
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Bubblesort Dual bubblesort

o read from left to right

o read from right to left
swap <= 0; > 041

swap <= 0; > 011
B B
(M ui); —— (ui M;); (v; mp); —— (m; vj);
B(anp) = B(a)Bn B(r1w) =17 B(w)
Stacksort

Dual stacksort
output input input output

stack
stack

pop < input > stack pop < input < stack

1 5(v));

(M; u); —> (S(u;) M) (m;
S(r1w) =15(7) 5(w)

S(anp) = 5(a) S(B)n

; (v mj)

Luca S. Ferrari
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Commutation results

o

|
0o ot

)
n

B
B
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Commutation results
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Commutation results

e BoB=BoB (Bop)2:(poB)2
e SoB=BoS SopoBop=poBopo$S
o SoB=BoS poSopoB=BopoSop
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Commutation results

e BoB=BoB (Bop)zz(poB)2
e SoB=BoS SopoBop=poBopo$S
o SoB=BoS poSopoB=BopoSop

Sketch of the proof

Introduce the local sorting operators

Bu.
Myuy - Miuj-- Mg ug —> Myuy---u; M;--- My ug
Bm.

J
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Commutation results

e BoB=BoB (Bop)zz(poB)2
e SoB=BoS SopoBop=poBopo$S
o SoB=BoS poSopoB=BopoSop

Sketch of the proof

Introduce the local sorting operators
Bu;
Myuy - - Miui--Miue —— Myug---ui M- - My ug
B,

m

J

B = By, 0 Bm, 0+ 0 By,
B = By o BB,
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e BoB=BoB (Bop)zz(poB)2
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Sketch of the proof
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Commutation results

Proposition

@ BoS+#SoB
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Commutation results

Proposition

@ BoS+#SoB
o Bo§¢§OB
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Commutation results

Proposition

@ BoS+#SoB
o Bo§¢§OB
@ SoS#50S
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Commutation results

BoS#So0oB
Bo§¢303
So5#£50S

2431
Boé 1234
4213
Sop 1243

Luca S. Ferrari

Bo>

Sop

1234

2134

3421

~

go5 1234

505 1324
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Pattern avoidance
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Pattern avoidance

Definition

o avoids a pattern 7 o has no subsequences
— . .
(0 € Av(T)) order-isomorphic to 7

Luca S. Ferrari Bubblesort, stacksort and their duals



Pattern avoidance

Definition

o avoids a pattern 7 o has no subsequences
— . .
(0 € Av(T)) order-isomorphic to 7

Avoiding a set of pattern
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Pattern avoidance

Definition

o avoids a pattern 7 o has no subsequences
— . .
(0 € Av(T)) order-isomorphic to 7

Avoiding a set of pattern

0=215436
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Pattern avoidance

Definition

o avoids a pattern 7 o has no subsequences
— . .
(0 € Av(T)) order-isomorphic to 7

Avoiding a set of pattern

o € Av(231,312)

0=215436
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Pattern avoidance

Definition

o avoids a pattern 7 o has no subsequences
— . .
(0 € Av(T)) order-isomorphic to 7

Avoiding a set of pattern

o € Av(231,312)
o ¢ Av(132)

0=215436
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Pattern avoidance

Definition

o avoids a pattern 7 o has no subsequences
— . .
(0 € Av(T)) order-isomorphic to 7

Avoiding a set of pattern

o € Av(231,312)
o ¢ Av(132)

0=215436
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Sorting algorithms and pattern avoidance

Permutations sorted by A

Sort(A) ={o | A(c) =12---n}
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Sorting algorithms and pattern avoidance

Permutations sorted by A

Sort(A) ={o | A(c) =12---n}

v

Theorem (Knuth, 1973)

Sort(S) = Av(231)
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Sorting algorithms and pattern avoidance

Permutations sorted by A

Sort(A) ={o | A(c) =12---n}

v

Theorem (Knuth, 1973)

Sort(S) = Av(231)

Theorem (Albert, Atkinson, Bouvel, Claesson and Dukes, 2011)

Sort(B) = Av(231,321)
Sort(S o B) = Av(2341,2431, 3241, 4231)
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Sorting algorithms and pattern avoidance

Permutations sorted by A

Sort(A) ={o | A(c) =12---n}

Theorem (Knuth, 1973)

Sort(S) = Av(231)

Theorem (Albert, Atkinson, Bouvel, Claesson and Dukes, 2011)

Sort(B) = Av(231,321)
Sort(S o B) = Av(2341,2431, 3241, 4231)

Theorem (Barnabei, Bonetti and Silimbani, 2012)

Sort(B o B) = Av(3412,3421,4312, 4321)

Luca S. Ferrari Bubblesort, stacksort and their duals



Sorting algorithms and pattern avoidance

Inflation of o by a1, ap, ..., a,

O =0102...0p
olai, o, ..., an] =p1p2... pn

@ p; order-isomorphic to «;, Vi
@ pi<p &= oi<o0j, Yij
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Sorting algorithms and pattern avoidance

Inflation of o by a1, ap, ..., a,

O =0102...0p
olai, o, ..., an] =p1p2... pn

@ p; order-isomorphic to «;, Vi
@ pi<p &= oi<o0j, Yij

312[21,213,132] =
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Sorting algorithms and pattern avoidance
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olai, o, ..., an] =p1p2... pn

@ p; order-isomorphic to «;, Vi
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Sorting algorithms and pattern avoidance

Inflation of o by a1, ap, ..., a,

O =0102...0p
olai, o, ..., an] =p1p2... pn

@ p; order-isomorphic to «;, Vi
@ pi<p &= oi<o0j, Yij

312[21,213,132] = 213
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Sorting algorithms and pattern avoidance

Inflation of o by a1, ap, ..., a,

O =0102...0p
olai, o, ..., an] =p1p2... pn

@ p; order-isomorphic to «;, Vi
@ pi<p &= oi<o0j, Yij
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Sorting algorithms and pattern avoidance

Inflation of o by a1, ap, ..., a,

O =0102...0p
olai, o, ..., an] =p1p2... pn

@ p; order-isomorphic to «;, Vi
@ pi<p &= oi<o0j, Yij

312[21,213,132] = 213465
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Sorting algorithms and pattern avoidance

Inflation of o by a1, ap, ..., a,

O =0102...0p
olai, o, ..., an] =p1p2... pn

@ p; order-isomorphic to «;, Vi
@ pi<p &= oi<o0j, Yij
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Sorting algorithms and pattern avoidance

Inflation of o by a1, ap, ..., a,

O =0102...0p
olai, o, ..., an] =p1p2... pn

@ p; order-isomorphic to «;, Vi
@ pi<p &= oi<o0j, Yij

312[21,213,132] =87213465
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Sorting algorithms and pattern avoidance

Inflation of o by a1, ap, ..., a,

O =0102...0p
olai, o, ..., an] =p1p2... pn

@ p; order-isomorphic to «;, Vi
@ pi<p &= oi<o0j, Yij

312[21,213,132] =87213465
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Sorting algorithms and pattern avoidance

Inflation of o by a7, ap, ...

O =0102...0p
olai, o, ..., an] =p1p2... pn

@ p; order-isomorphic to «;, Vi
@ pi<p &= oi<o0j, Yij

312[21,213,132] =87213465

Inflations of o by «; of fixed length

oli,....lh)] ={oloa,... an]: |ai| =i, Yi}
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Sorting algorithms and pattern avoidance

Inflation of o by az, ap, ...

O =0102...0p
olai, o, ..., an] =p1p2... pn

@ p; order-isomorphic to «;, Vi
@ pi<p &= oi<o0j, Yij

312[21,213,132] =87213465

Inflations of o by «; of fixed length

oli,....lh)] ={oloa,... an]: |ai| =i, Yi}

231[2,1,2] = {34512,34521,43512,43521}
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Sorting algorithms and pattern avoidance

Inflation of o by az, ap, ...

O =0102...0p
olai, o, ..., an] =p1p2... pn

@ p; order-isomorphic to «;, Vi
@ pi<p &= oi<o0j, Yij
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Sorting algorithms and pattern avoidance

Theorem (Albert, Atkinson, Bouvel, Claesson and Dukes, 2011)

Sort(B" = Av(21[h + 1,1])
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Sorting algorithms and pattern avoidance

Theorem (Albert, Atkinson, Bouvel, Claesson and Dukes, 2011)

Sort(B" = Av(21[h + 1,1])

V.

Corollary

Sort(B¥) = Av(21[1, k + 1])
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Sorting algorithms and pattern avoidance

Theorem (Albert, Atkinson, Bouvel, Claesson and Dukes, 2011)

Sort(B" = Av(21[h + 1,1])

V.

Corollary

Sort(B¥) = Av(21[1, k + 1])

4

Theorem

Sort(B" o B¥) = Av(21[h + 1,k +1])
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Sorting algorithms and pattern avoidance

Theorem (Albert, Atkinson, Bouvel, Claesson and Dukes, 2011)

Sort(B" = Av(21[h + 1,1])

Corollary

Sort(B¥) = Av(21[1, k + 1])

Sort(B" o B¥) = Av(21[h + 1,k +1])

Sort(Bo B) = Av(21[2,2]) = Av(3412,3421,4312, 4321)
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