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Jérôme Fortier ISM 2011



Polyominoes
The Gomino game

Applications

Definition
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Parameters

Polyominoes

A polyomino P is a finite 4-connected set of points, usually
represented by square tiles, in the Z2 plane.

I 4-connected : Any pair of points is connected by a path using
only horizontal and vertical elementary steps.

I 8-connected : Any pair of points is connected by a path that
may use diagonal elementary steps.

Examples :
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Connectedness and holes

Let P be a polyomino...

I P is simply 4-connected if Z2 \ P is 4-connected.

I P is simply 8-connected if Z2 \ P is 8-connected.

I A 4-hole of P is a bounded 4-connected component of Z2 \ P.

I A 8-hole of P is a bounded 8-connected component of Z2 \ P.

Simply 4-connected
Simply 8-connected

No 4-hole
No 8-hole

Not simply 4-connected
Simply 8-connected

One 4-hole
No 8-hole

Not simply 4-connected
Not simply 8-connected

Two 4-holes
One 8-hole
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Some statistics

I Area = 15

I Perimeter = 16

I Site-perimeter = 15

I Inside site-perimeter = 12

Definition
Outside contour : P+ := {z ∈ Z2 \ P : z is a 4-neighbor of P.}
Inside contour : P− := {z ∈ P : z is a 8-neighbor of Z2 \ P.}
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Gominoes = Polyominoes

�

Polyomino Gomino
Definition
A gomino is a pair G = (P+,P−) of sets in Z2 for which there
exists a polyomino P such that P+ is the outside contour of P and
P− is the inside contour of P.
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THE QUESTION !

a) Enumerate, according to a
given site-perimeter, how
many polyominoes exist.

b) Generate them all !
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How to play ?

I From a given initial position, Mr. Black (B) and
Mr. White (W) alternatively walk on a huge Go board (N× Z)
while placing stones on every visited grid points that are empty.

I B has n black stones in hand and tries to surround his territory
by returning to his original position.

I W tries to prevent B from returning by placing white stones
that block B’s movements.
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How to play ?

Mr. Black...

I Plays first.

I Starts at (0, 0).

I Can never walk at (0, n) for n < 0.

I Must make one and only one step at
each turn.

I His first move must be ↘
I Otherwise, can move anywhere in his

8-neighborhood excepted the grid
points occupied by a white stone.
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How to play ?

Mr. White...

I Starts at (1, 0).

I Can only move in four directions
(→, ↑,←, ↓).

I Can make many steps on the same
turn,provided that he does NOT :

I walk on a black stone,
I leave the 8-neighborhood of B’s

previous position,
I go back on his steps during the same

turn.

I Must 4-connect with B’s current
position at the end of each turn.
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How to play ?

MOREOVER, W has to respect the following restrictions...

I Right-hand rule. At the end of each
stage, W must be located on the left
of the arrow describing B’s last
movement.

I Holes restriction. W cannot create
an X-pattern.
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Theorem
To any action of B corresponds at most one valid answer of W.

Corollary

The Gomino game is pretty boring for W...
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How to play ?

Winning conditions

B wins if :

I He manages to go back to his first position with ≤ n stones.

W wins if, either :

I B runs out of stones before he wins.

I At a certain turn, W cannot play.
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×
×
×
×

Mr. Black wins !
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Jérôme Fortier ISM 2011



Polyominoes
The Gomino game

Applications

How to play ?
The exhaustive generation algorithm
Digging holes

Example ! (with n ≥ 18)

×
×
×
×

Mr. Black wins !
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Theorem (Injection)

Every gomino game that B wins path leads to a different polyomino.

Theorem (Surjection)

Every polyomino induces a gomino game in which B wins that leads
to it.

Jérôme Fortier ISM 2011



Polyominoes
The Gomino game

Applications

How to play ?
The exhaustive generation algorithm
Digging holes

The exhaustive generation algorithm

A recursive algorithm that takes an unfinished game as input and
returns all possible games that can be played from there.

The recursive algorithm :

1. Compute the list of valid next moves.

2. Create a new game with each of those next moves.

3. Recursively apply the algorithm on any game without a winner.
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Jérôme Fortier ISM 2011



Polyominoes
The Gomino game

Applications

How to play ?
The exhaustive generation algorithm
Digging holes

The exhaustive generation algorithm

A recursive algorithm that takes an unfinished game as input and
returns all possible games that can be played from there.

The recursive algorithm :

1. Compute the list of valid next moves.

2. Create a new game with each of those next moves.

3. Recursively apply the algorithm on any game without a winner.
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Experimental results

Simply 4-connected polyominoes with site-perimeter n :

n Gominoes

4 1
5 0
6 2
7 4
8 12
9 32
10 110
11 340
12 1193
13 4080
14 14786
15 53428

4 6 8 10 12 14 16
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Remove the holes condition !
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5 0
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8 12
9 32
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12 1209
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To count polyominoes with 8-holes...

1. Launch the algorithm for simply 8-connected polyominoes.

2. For every empty position inside a constructed gomino,
I From left to right and from bottom to top, if there is a white

stone, start the same algorithm with W on that stone, and B
on his right.

I Once this is done, put a white stone on the previous grid point
and do the same for the next one.

One new move :
If B is on his initial position, he can chose not to move, and W then
has to go back to his initial position by surrounding B.
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Experimental results

Polyominoes with site-perimeter n and 8-holes allowed :

n Gominoes

4 1
5 0
6 2
7 4
8 12
9 32
10 110
11 340
12 1209
13 4272
14 16166
15 61849

4 6 8 10 12 14 16
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Natural questions to be worked on

I Analyze the asymptotic behavior of those sequences.

I Analyze the complexity of the algorithm.
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Enumeration with respect to the usual perimeter

Remark
Each W move adds a fixed number of edges to the perimeter.
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Enumeration with respect to the usual perimeter

So, to enumerate polyominoes according to their perimeter :

I Run the Gomino algorithm.

I Instead of decreasing the number of black stones left when B
moves, decrease the number of “sticks” left depending on W’s
move.
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Polyominoes inside a rectangle

Consider a rectangle polyomino
of size b×k .

How many different
polyominoes can one generate
by removing r cells from that
rectangle ? (r < b, k)

Call it pmax−r (b, k).
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Easy cases

pmax−1(b, k) = bk

pmax−2(b, k) =

(
bk

2

)
− 4

pmax−3(b, k) =

(
bk

3

)
− 4(bk − 3)− 12− 2(b + k − 4)

4(bk − 3) 4 4 4 2(b + k − 4)
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Jérôme Fortier ISM 2011



Polyominoes
The Gomino game

Applications

Enumeration w. r. t. perimeter
Polyominoes inside a rectangle

Easy cases

pmax−1(b, k) = bk

pmax−2(b, k) =

(
bk

2

)
− 4

pmax−3(b, k) =

(
bk

3

)
− 4(bk − 3)− 12

− 2(b + k − 4)

4(bk − 3) 4 4 4

2(b + k − 4)
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Corner and side polyominoes

To generate the corner and side polyominoes of
inner-site-perimeter r :

I Run the Gomino algorithm without counting the black stones
on the border.

I For corner polyominoes, don’t allow B to walk on row −2.
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r Side-polyominoes Corner-polyominoes

2 0 1

3 1 3

4 1 12

5 5 46

6 13 209

7 54 976

8 182 4767

9 782 23680

10 3080 119940
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pmax−4(b, k) =

(
bk

4

)
− 4

(
bk − 3

2

)
− 2(bk − 4)(b + k − 4)

−8(bk − 5)− 4(bk − 6)− 2(b + k − 6)− 4 · 12

−(b − 2)(k − 2)+22

(b − 2)(k − 2) 6 4 8 4
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pmax−5(b, k) =

(
bk

5

)
− 4

(
bk − 3

3

)
− 8

(
bk − 5

2

)
− 2

(
bk − 4

2

)
(b + k − 4)− 4

(
bk − 6

2

)
− (b − 2)(k − 2)(bk − 5)− 26bk

− 2(b + k − 6)(bk − 6) + 4(b + k) + 128
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The cases removed more than once...

8 4(bk − 6) 4(b + k − 6) 4(bk − 6) 4(b + k − 4) 2(b + k − 8)
+4(b + k − 10)

8 8 8(bk − 6) 8 8 8

8 8 8 6(bk − 6) 2× 6 2× 2× 6
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Open problem :

I Find an algorithm for spotting the cases removed more than
once in that strategy, for any r .

I In other words, find an algorithm for generating exact formulas
for pmax−r (b, k).
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MERCI BEAUCOUP ! !

Full text :

I J. Fortier, A. Goupil, J. Lortie, J. Tremblay, Exhaustive
generation of gominoes, Theoretical Computer Science,
Available online 23 February 2012, ISSN 0304-3975,
10.1016/j.tcs.2012.02.032.
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