On Local Limit Theorems for g(n)-Hypergeometric Series

Discrete Distributions with q(n) — 1 as n — oo

A. Kyriakoussis and M. Vamvakari

Dept. of Informatics and Telematics
Harokopio University of Athens

GASCOM 2012, Labri, Bordeaux



o Section 1: Introduction-Preliminaries

@ Section 2: Main Results
Subsection 2.1: Continuous Limiting Behaviour of g-Binomial Distribution
Subsection 2.2: Continuous Limiting Behaviour of confluent
g-Chu-Vandermonde Distributions

@ Section 3: Concluding Remarks






Definition of Basic (or g—) Hypergeometric Series for 0 < g < 1

The g-analogue of a hypergeometric series
Fs(ai,...,ar b1,..., bs; 2) :ZM&

is

r¢s(31, ERELS b17 HERR bs; q,Z Z (bgf,l’ ) bsrar )q%:]Zq) [(_1)"Cl(;)]57’+17

where

(a1, 2 @)n = (a1:9) - (a1 )y (3:0)n = [[(1 —ad "), (21 q)0 = 1.

Jj=1



g-Hypergeometric Series Discrete Distributions and the Associated Scheme
of Basic Hypergeometric Orthogonal Polynomials

Non Terminating g-Gauss
(Inverses: g-Hypergeometric,
Negative g-Hypergeometric)
Fundamenta Informanticae (2012)
Lpca’2010, Sienna

Confluent g-Chu
Vandermonde
(Negative g-Binomial type,
0/V)

Lpca’2012, Sienna

g-Poisson Type
(Heine, Euler)
JSPI(2010)

Terminating g-Gauss
(g-Hypergeometric,
Negative g-Hypergeometric)
Fundamenta Informanticae (2012)
Lpca’2010 Sienna

g-Binomial Type
MCAP(2012)

g-Bessel Type




What is the Continuous Limiting Behaviour of the g-Hypergeometric Series
Discrete Distributions ?

Non Terminating g-Gauss Terminating g-Gauss
Fundamenta Informanticae (2012) Fundamenta Informanticae (2012)

Confluent g-Chu g-Binomial Type
Vandermonde MCAP(2012)

g-Poisson Type
JSPI(2010) g-Bessel Type
MCAP(2012)

Stieltjes-Wigert




Section 2: Main Results




A g-Binomial Distribution

Kemp and Kemp (1991) defined a g-analogue of the binomial distribution with
probability function in the form

fie(x) = <)’Z> q(i)erf[(ueqf—l)—l, x=0,1,...,n, (1)

where 6 >0, 0 < g< 1.
The mean and variance of the g-binomial distribution (1) are given respectively
by

I i
meo= ; 1+60g 1
R 0!
T = Z (14 6g-1)2 (2)

j=t



An Arising Question

@ The g-binomial distribution(1), for g constant, has finite mean and
variance when n — oo.

@ The asymptotic normality in the sense of the DeMoivre-Laplace classical
limit theorem can not be concluded, as in the case of the ordinary
binomial distribution.

o Kyriakoussis and Vamvakari (2012), for g constant, established pontwise
convergence of the g-binomial distribution (1) to a Stieltjes Wigert
distribution as n — oo.

o Let g = g(n) be a sequence of n with g(n) — 1 as n — oo, emerging
among others in statistical mechanics and analysis of probabilistic
algorithms. How this assumption will affect the asymptotic behaviour of
the g-binomial distribution (1)?



An asymptotic expansion of the g-factorial number of order n

Theorem 1. The g-factorial numbers of order n, [n],!, where

(A) g = g(n) with g(n) — 1 as n — oo and g(n)" = Q(1)
or
(B) g = q(n) with q(n)" = o(1)

have the following asymptotic expansion for n — oo

1/2
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"

[n]q! :(MW%@Wngﬂ@hw4%

1+25k/ ) (q"(1 — )" +0((q”(1q))N2ﬂ)} (3)

k=1

where N is a positive integer, r is the real solution of the equation

rg (r) =



Theorem 1 cont.

and
e G+ K +1/2)
Sp(r) = W Zl Bz,(/,j(al(r), e an/(r)) e
’ ” —k'/2—1
{2’1(1 + %ﬂ MR S(K 4 2,0)r g ()
ap(r) = (4)

g/ (DK + 1)k +2)r7247

with By j(¢1, ...,k ) the partial Bell polynomials, S(k’, j) the Stirling
numbers of the second kind and /> = —1.



Sketch of Proof

@ The derived estimate for the g-factorial numbers of order n, is based on
the analysis of the g-Exponential function

> 4(2)
E(1-ap) = 3 s--a)x
=y [‘;] K =T[a+@-axd™) (5
n=0 q Jj=1
which is the ordinary generating function (g.f.) of the numbers ‘[’Ti[,
n=0,1,2,....
Rewriting Eq((1 — g)x) as follows
Eq(x) = exp(g(x)), (6)
where -
g() = log (14 (1~ a))a ). (7)

Because of the large dominant singularities of the generating function
Fim.q(x), a well suited method for analyzing this is the saddle point
method.



o We shall study the asymptotic behaviour of the g-factorial numbers of
order n, [n]q!, by expressing them via Cauchy’s integral formula that gives
the coefficients of a power series:

q&) 1 exp(g(x))

[l ~ 27 it X (8)

[x|=r

where the contour of integration is taken to be a circle of radius r. This
integral will be estimated with the saddle point method. The saddle point
is defined by the equation xg’(x) = n+ 1.

It turns out that it is convenient to switch to polar coordinates, setting

x = re’’. Then the original integral becomes

[(L(]g)| _ w " exp |:g(rei9) - g(r) - m@] do. (9)

rn2m o

In accordance with the saddle point method principles, we choose the
radius r to be the solution of rg’(r) = n. Setting

G(8) = g(re®) — g(r) — inf with a Maclaurin series expansion about
6 = 0 we have



k/
G(6) = —¢° + ¢° Zakf k,, (10)
k'=1
where
1 ’ 2 M 1/2 ’ *%
o= 300+ )] 0w [g0)] (1)
and
p —Kj2-1 )
) I G
A . 0 sy (e e
where J
g k +2) (re )|9:0 _ (%)k +2g(re'0)|9:o.

The absence of a linear term in 6 indicates a saddle point. The function |e®(?)|
is unimodal with its peak at 6 = 0.



An estimation of theg-factorial numbers of order n, [n]q! with g defined by
conditions (A) or (B) should naturally proceed by isolating separately small
portions of the contour (corresponding to x near the real axis) as follows.
(A) For g = g(n) with g(n)" = Q(1) we set

L= f/ exp [G(0)] dO,
b= E/éﬂ exp [G(0)] O, (13)

and choose ¢ such that the following conditions are true (see [?]):
(C1) né*> — oo, that is § >> n~ /2
(C2) nd® — 0, that is § << n~ /3,

where “<<" means “much smaller than”. A suitable choice for & is n=3/%.
As |e°(@)]| decreases in [4, 7],
1@ < 1e°C)| 5 <0 <21 — 6. (14)

We will show in the sequel that from (C1) and (C2) it follows that e®®®) is

exponentially small, being dominated by a term of the form e o),



Indeed we have

66) ~ — (&()+rg"()
or
66) ~ 5 (& () +rg () (15)
But
€N+~ o@D
g+ ()~ S D). (9)
For g = q(n) with g(n)" = Q(1) we get
Gl = o(—%nl/“). )

From which we find that

lb| = 0(e®) = O(e™ 2"

1/4
)- (18)
Thus, by (C1), 6 has been taken large enough so that the central integral
“captures” most of the contribution, while the remainder integral £k is
exponentially small by (18).



We now turn to the precise evaluation of the central integral /;. We have

- 1 1
[rg’ (r) + r2g” NV V7
/exp e Zak ‘b)k'}dqb (19)
k'
where
¢ = F( ()+r2g”(r))]l/26. (20)
2

Note that € — oo as n — oo, since

1 ’ 7 1/2
=t [ 0+ g )] =

where C a positive constant.



(B) For g = q(n) with g(n)" = o(1) we set

L = \/7/ “"exp[G(0)] db,

2T —6

r~"exp[G(6)] d6, (21)

I =

Ve

and choose 4 such that the conditions (C1) and (C2) are true. We suitably
select § = n=%/58.
As |e°@)]| decreases in [4, 7],

1e€@] < 1) 5 <6 <21 — 4. (22)

We will now show that () is dominated by a term of the form O(1). Indeed,
form (C1), (C2), (15) and (16) it follows that

1 1 ny _—3/4
ep(60) ~ e (3. (23)
From which we get

| = O(r "e®)y = O(g" e 2iesa T ). (24)



Thus, for g = g(n) with g(n)" = o(1) the integral L is negligibly small. We
now turn to the precise evaluation of the central integral /5. Since

s
L = \/%/Jrfnexp[G(G)]dG

oo -6
= \/% /_OC r "exp[G(0)] d6 — \/% /_oo r~"exp[G(6)] d6
—\/% ff"exp[c(e)] do

\/1 / T exp[G(0)] dO — O(2q" & FramT 7
2 ) P q

we have

r=" 1 e 2 o g
b= g v L ee | e ]d¢' )



@ We now unifiable proceed our proof for both conditions (A) and (B) and
working analogously as in Kyriakoussis and Vamvakari (2012) we get our
final estimation (3).



A g-Analogue of Stirling

In the previous theorem due to saddle point method principles, we have chosen
the radius r of the derived asymptotic expansion (3) to be the solution of
rg’(r) = n. By solving this saddle point equation we obtain the following.

Corollary 1. The g-factorial numbers of order n, [n]q!, where

(A) g = q(n) with q(n) — 1 as n — oo and q(n)" = Q(1)
or
(B) q = q(n) with q(n)" = o(1)

have the following asymptotic expansion for n — oo

L)) Aok U Y .
Plet = Gioga 1) TS+ ala— — Dgrn) 1 T 0@ X =)

(26)

Remark 1. Theorem 1(B) and Corollary 1(B) hold also for g constant.



g-Mean and g-Variance of the g-Binomial Distribution

Proposition 1(Kyriakoussis and Vamvakari(2012)). The g-mean and
g-variance of the g-binomial distribution are given respectively by

te = E([X]yq)
0
= [”]ql Fognt
and (27)
o = V ([X]1/q)
e e 62 0
R e Tk e R e )



Pointwise Convergence of the g-Binomial Distribution to the

Stieltjes-Wigert Distribution

Theorem 2A(Kyriakoussis and Vamvakari(2012)). Let the p.f. of the
g-binomial distribution be of the form

Fi(x) = <)’Z> q(i)eXf[(Hqu*l)*l, x=0,1,....n,

where § = 6,, n=20,1,2,... such that §, = g~ *" with 0 < a < 1 constant.
Then, for n — oo, the g-binomial distribution is approximated by a deformed
standardized continuous Stieltjes-Wigert distribution as follows

1/8 —1y1/2 _ 1/2
~ 9" (logq - [Xlig — 1 _
a) = TGN (g gpablie i g

1 —
exp tog? (=321 — g2 Plva = #a | 1))
2logq Oq

x> 0. (28)




Fundamental Steps to Establish Pointwise Convergence in a g-Analogue

sense of the DeMoivre-Laplace Classical Limit Theorem

@ Substitution of the g-analogue of Stirling type ( 26) to the g-binomial
distribution (1)

@ Transition to variable [X];/q = %

© Perform g-standardization

_ [X]l/q — Hq

Oq

V4

with g and oq given in (27)

@ Proceed with all needed asymptotics and algebraic manipulations



Local Limit Theorems for the g(n)-Binomial Distribution with

g(n) > lasn— o0

Theorem 2B. Let the p.f. of the g-binomial distribution be of the form

n ) px j—1y—1

fx(x) = <x> q(2)9 H(l+9q’ ), x=0,1,...,n,
q Jj=1

where 0 = 0,, n=20,1,2,... such that 0, = g~ " with 0 < a < 1 constant

and g = g(n) with q(n) — 1 as n — oo and q(n)" = o(1). Then, for n — oo,

the g-binomial distribution is approximated by a deformed standardized Gauss

distribution as follows

fx(x) = %exp (-; <[x]1/;7q—,uq> > , x>0 (29)

- q—an 5 ~ q—an
qul_q and Oq = 1_q. (30)

with

Remark 2. Possible realizations of the sequence g(n), n=0,1,2,...
considered in the above theorem 2 are among others the next two ones

1

1
7) or q(n)zl_m

q(n)=1- In(n



Sketch of Proof

@ Substitution of the g-analogue of Stirling type ( 26), for g = q(n) with
g(n) — 1 and g(n)" = o(1), to the g-binomial distribution (1)

.. (qlog g HY? [[2(1+aq(g — 1)g™1)

fx(x) = .
A 7 ) E CRr N T P W e

(31)

—X
@ Transition to variable [X]1 = %
q

© Perform g-standardization

7 (Xli/q — 1q

Oq
with ugq and o4 given asymptotically by (30)

@ Proceed with all needed asymptotics and algebraic manipulations

¢ e g (((1%)1/2”1)
* qixg(q71_1)<(1afnq)> <<(19nq))1/zz+l> 32




Sketch of Proof cont.

() ((6%9) 09

(34)

<Z|g<1+6 <<(19 q))1/2z+1>qfl>>, (35)



Sketch of Proof cont.

where

ilog <1+9,, <<(19”q)>1/22+1> q/1>
e (4 () 1))

0, (((1 ) “ZH)

(( 1/22—&-1)

7)
o) )

1/2
| Blogg "((““”) Z+1) 1
° ANy (07) . (36)
1+9"(((13q)) Z+1) '

+Liz




Sketch of Proof cont.

. ﬁ (1+0007) =exp (i log (1+ Gncf'l)) ,

=1 j=1
where

= i 1 0 1
| 1 hg )= ——— | 2 n Lip | —— = 1 n
> tog (14 0nd ) = o’ (00 + 2 (5ley) + 3 loat+ 00

lo 0n _
e B+ 0(0;") )

Applying all the previous the estimations (32)-(37) to the approximation (31),
carrying out all the necessary manipulations and by the assumptions 8, = g=“"
with 0 < a < 1 constant and g = g(n) with g(n) — 1 as n — oo and

g(n)" = o(1), we derive our final asymptotic (29).



Theorem 2C. Let the p.f. of the g-binomial distribution be of the form
i) = (" q(i)eXf[(Heqf*l)*l x=0,1,....n
X J71 b K ) ) bk
a =

where 0 = 6,, n=0,1,2,... such that 6, — co, as n — co and q = q(n) with
g(n)=1- %, 0 < B8 < 1. Then, for n — co, the g-binomial distribution is
approximated by a deformed Gauss distribution as follows

fx(x) = %exp (—; (W’) ) , x>0, (38)

where (2 8) exp(5) — (1 — B)(exp(8) — 1)
— B)exp(B) — (1 — B)(exp(B) —
Ag = 39
’ exp(83) (39)
and with (5) -1 (5) -1
exp(B) — > . exp(B) —
> ORI =2 and o2 SRV 2
M= Bep(B) | " 7T TBexp()
Remark 3. For f=1and g=q(n)=1-— % the approximation of the above

theorem 3 is a deformed standardized Gauss distribution.



Section 2: Main Results




Family of Confluent g-Chu-Vandermonde Hypergeometric Series

Distributions

o Confluent g-Chu-Vandermonde sum

oo

11(b; c; g, ¢/b) Z

= cq) qq)n

(c/b; @)oo
7(c; Do ,0<g<1, (40)

(~</6)"q()

(a:9)x = H(l— agd '),x=0,1,2,....

=t

@ Rising up family of confuent g-Chu-Vandermonde series distributions for
suitable values of ¢ and b

# (;) —c/b)*
p(x) = P[X = x] = fx(x) = (qq()c/bq)oi /b) , x=0,1,... (41)

(ci9) oo

(see Kemp(2005)).



Members of the Family of Confluent g-Chu-Vandermonde Series

Distributions

Confluent Parameters Support
g-Chu-Vandermonde b and ¢
Distributions
g-CCV-I b=—-h, h>0,0<c<1 x=0,1,2,...
g-CCV-II 0<b<l c=-n1n>0 x=0,1,2,...
g-CCV-IlI b=g ", n=0,1,..,0<c<1l | x=0,1,...,n




g-Factorial and Factorial Moments of the Confluent g-Chu-Vandermonde

Distributions

@ Proposition 2.The r-th order g-factorial moments of the family of
confluent g-Chu-Vandermonde distributions are given by

E([X].1/q) = ((1b;_q33r (—%)’, r=1,2,.... (42)

o Proposition 3. The g-mean and g-variance of the family of confluent
g-Chu-Vandermonde distributions are given respectively by

pe = E(Xh) =51t
A= =V = (-5) o - i @

@ Proposition 4. The descending factorial k-th order moments of the r.v. X
of the family of g-Chu-Vandermonde distributions are given by

oo

E((X)) = (c/bk;!q)oo ; f‘;(’_gﬁf‘f[rﬁij E([X]r1/q)101(bq"; cq"; g, cq"/ b).

(44)



Pointwise Convergence of a family of confluent g-Chu-Vandermonde

distributions to Stieltjes-Wigert Distribution

Theorem 3A. Let the p.f. of the family of confluent q-Chu-Vandermonde
distributions be of the form

i () (~c/b)"

fx(x) = (C/bq) , x=0,1,... (45)
(ci9)oo
where b= b,, c =c¢,, n=0,1,2,..., such that b, = o(1) and —c,/b, — 0,
as n — oco. Then, for n — oo, the p.f. fx(x), x=0,1,2,... is approximated

by a deformed standardized continuous Stieltjes-Wigert distribution as follows

q'/*(log g~ - Mo —na 1)
fx(x) = ((27r)1/2) (q 3/2(1_CI)1/2 /;q 1+q 1)

1 _ X — _
p <2| Iog2 <q 3/2(1 _ q)1/2[ ]l/q q +gq 1)) ’
ogq Oq
x > 0. (46)




Sketch of Proof

@ Substitution of the g-analogue of Stirling type ( 26), for g constant,to the
p.f. of the family confluent g-Chu Vandermonde distribution (41)

f(x) = alos g 1Y (—co/b) THZ (L4 a(g™" = 1)@ ) (cni )
X @A =a)2 (L=a) g2 (o q)x(En/bni @)oo

1/q
(47)
@ Transition to variable [X]1 = 11:’7:)1(
q
© Perform g-standardization
7 [Xl1/q — 1q
Oq
with pq and o4 given by (43).
© Proceed with all needed asymptotics
~_ & 9 -3/2 1/2 -1
T g U 21-q)?z+4q7")
x Cn [ — _
¢« g (71 -a)z+a 1) (48)

1 Cn ( —3/2 -1
log g1 Iog( b, (q (1-q)z+gq ) .



Sketch of Proof cont.

v () (o)
1 1

g (052 )

— exp (i log (1 - Z—: ((1;37‘/’2)1/2 + q*l) q“)) , (50)



Sketch of Proof cont.

where

j=1 "

1 2 Cn ( —3/2 1/2 1
- _7( / / )
2log g1 og ( b, q (1-q) " z+q

+
| & (qﬂ/z( —q)?z+q"
+Li»

2 (q732(1—q)/?z+q7) +1

(o S )
)
)

Brlog q (_%:) (q—3/2(1 q)2z + gL

2 - (q372(1=q) 2z +q

o (-%) (51)



Sketch of Proof cont.

. H (1 - —oﬂ‘l) = exp <Z log (1 - —qJ )) , (52)

j=1
where

b Ch -1 1 2 C . _bL

log (1- & S Y n
;Og< b, 7 ) 2logq" °® ( bn)+LI2<_b‘+1>
+1|o -

28 b

+52'°€q(_bn)+o<_bcn> (53)




Sketch of Proof cont.

(1_quqj )

::]8

o (cniq)oo/(cni @)x = (" G)oo =

= exp <§: log (l + by (q73/2(1 )1/22 +gq 1)71 ¢1)> , (54)

=t

.
Il
-

where

SRR
= % log® (bn (a7 - a2+ qfl)%)

-1
b, (q*3/2(1 . q)1/22+ q—l)
b (q73/2(1 = q)V/?z +q71) " +1

1 -1
s o))




Sketch of Proof cont.

-1
e (505 o)
2 14 ba(q%2(1 - q)2z+q71)"

4 O (bn) (55)

Applying all the previous the estimations (48)-(55) to the approximation (47),
carrying out all the necessary manipulations and by the assumptions b, = o(1)
and —cn/by, — 00, as n — oo, we derive our final asymptotic (46).



Conclusions

@ Under the assumptions of the theorem 3A confluent g-Chu-Vandermonde
distributions | and Il (41) converge to a continuous Stieltjes Wigert
distribution.

@ The confuent g-Chu-Vandermonde distribution Il (41) does not have the
same continuous limiting behaviour since the assumption b, = o(1) of
theorem 3A does not hold.



Local Limit Theorems for the Confluent g(n)-Chu-Vandermonde

Hypergeometric Series Discrete Distributions | and Il with g(n) — 1 as
n— oo

Theorem 3B. Let the p.f. of the family of confluent q-Chu-Vandermonde
distributions be of the form

e a(—c/b)"

_ (cia)x(q _
fx(x) = (oA x=0,1,... (56)
(C;q)oo
where b= b,, ¢ = ¢,, n=0,1,2,..., such that b, = o(1) and —c,/bn — 00,

as n — oo and q = q(n) with q(n) — 1 as n — oo and q(n)" = o(1). Then, for
n — oo, the p.f. fx(x), x =0,1,2,... is approximated by a deformed
standardized Gauss distribution as follows

fx(x) = 757];(;7?))5; exp (; (7[41/;‘7_ 'Uq) ) , x>0 (57)

with c c
n 2 n
S ~__ " 58
bn(1 - q) 7 ba(1-q) (58)

Remark 4. The above approximation (57) holds also for fg—: =0 (qfa") with
O<a<l

Il

™ and o



Sketch of Proof

@ Substitution of the g-analogue of Stirling type ( 26), for g = g(n) with
qg(n) — 1 as n — oo and q(n)" = o(1) ,to the p.f. of the family confluent
g-Chu Vandermonde distribution (41)

h) = Lalos g Y2 (—co/br) TI5 (L +ala™ = 1)d ) (en; Doe
@r(L =) (L =a)  q=/2[x]} "2 (cai q)x(Cn/bni q)oc

1/q
(59)
@ Transition to variable [X]1 = 11:‘;:);
q
© Perform g-standardization
7= Xlya=ra
Oq

with g and o4 given by (58).
@ Proceed with all needed asymptotics

~ Cn Cn o
® [X]l/q:7bn(1_q) <<b"(1_q)) z+1>

(D)) ) o




Sketch of Proof cont.

b



Sketch of Proof cont.

where

Z'Og (1— = (( bn(f"q)>l/22+1> cf’l>

—#Ioz _Cn Cn —1/2 1
" 2logq® ¢ bs ba(1—q) z
. . ~1/2

b ((*m) Z+1)

. . 1/2
—f ((_m> Z+1> +1

1 c o\

=1 1-= =
2 Og( b(( i) ot

. o —1/2
/32|§gq(_"")((_bn(1—q>)1/2Z+1>+O< bn). -
- ((caig) "et1)

+Liz

Jr




Sketch of Proof cont.

e8]

o (i q)oo/(cni @)x = (cnq 1 @)oo = [ [(1 = crg*d ™)

j=t

— exp (i log <1 + gby ((—bn(lc"_q))_mz + 1) B qj‘1>) ,

i (65)

where

oo —1/2 -1
Zlog <1+an <<_bn(1cnq)> Z+1> qjl>

j=1

1 , c —1/2 -1
~2 log g—! log™ { qbn <_ bn(1— Q)> 2t
. —1/2 .

+L|2 1

. —1/2 -




Sketch of Proof cont.

1 I} —1/2 -
7' 1 n - 2 1
+ > og( + qgb (( 7bn(1—q)> z+ ) )
. —1/2 -1
B2log q qbn ((_ bn(l—Q)) z+ 1)

. —1/2 -1

Applying all the previous the estimations (60)-(66) to the approximation (59),
carrying out all the necessary Taylor-Maclaurin expansions and manipulations
and by the assumptions b, = o(1) and —c¢,/b, — o0, as n — oo and q = q(n)
with g(n) — 1 as n — oo and g(n)" = o(1) we derive our final asymptotic (57).

+O(by).  (66)



Theorem 3C. Let the p.f. of the family of confluent q-Chu-Vandermonde
distributions be of the form

(b:q)x 3)(_ x

f (X) _ (ca)x(a:9)x q(Z)( C/b)

X o (c/b:q) oo ’
(c:9) o0

x=0,1,... (67)

where b= b,, ¢ = ¢,, n=0,1,2,..., such that b, = o(1) and q = q(n) with
g(n)=1- %, 0 < B < 1. Then, for n — oo, the p.f. fx(x), x=10,1,2,... is
approximated by a deformed standardized Gauss distribution as follows

fe(x) = %exp (-é (M“;iq_“q) ) x>0 (68)

with



Remark 5. For —{= = © (¢7*") with 0 <a< land g(n) =1—
0 < 8 <1, the p.f. of the family of confluent g-Chu- Vandermonde dlstrlbutlons
is approximated by a deformed Gauss distribution as follows

2

f(x) = wexp 1 [X]l/giq_“" , x>0, (69)
2 Ali/;
where
1 exp(aB)+c—1 exp(af)+c+1
Aapg = | 70
» exp(aB) + ¢ |exp(aB) + c+1 8 exp(apB) + ¢ (70)
and with

~ &xp(af) +c

pg = &P@A Ty g2 exp(af) +c

B

Remark 6. Under the assumptions of the above two theorems 4 and 5 the
probability functions | and Il of the table 1 have the asymptotic approximations
(57) or (68). Note that we do not have the same conclusion for the p.f. Il of
the table 1 since the assumption b, = o(1) does not hold. A continuous
analogue for the p.f. Ill established by Berg and Valent (1994). But there still
remains an open problem to find the asymptotic behaviour in the sense of
pointwise convergence of the confluent g-Chu-Vandermonde lll, for both g
constant and g = q(n).



Applications

o A modified g-Bessel distribution:A discrete approximation of the
confluent g-Chu-Vandermonde |, for b, = —h, = 0(1), h, >0and ¢, =c¢
constant with 0 < ¢ < 1, is a modified g-Bessel distribution with p.f.

o) (e /)
pMB(x):%, x=0,1,..., (71)
(¢:9) oo

© The above modified g-Bessell distribution has Stieltjes-Wigert asymptotic
behaviour for n — oo as in ( 46) with

c c? c

= h7t and o2 = h%— ht,
1—qm % T qa—q" "1-q'"
where 0 < c<1, h, >0, n=0,1,2,... with h, = o(1).

@ If g = q(n) with g(n) — 1 as n — oo and g(n)" = o(1) then, for n — oo,
the modified g-Besel distribution is approximated by by a deformed
standardized Gauss as in (57).

Q If g = q(n) with g(n) =1— %, 0 < B8 <1 then, for n — oo, the modified
g-Besel distribution is approximated by a deformed standardized Gauss as in
(68).

Hq



Applications

o A Generalized g-Negative Binomial Distribution: The g-CCVII for
b=4q", n=1,2,... and n = g becomes a generalized g-negative binomial
distribution with p.f.

(n+x 1

(—a:9) ()q e
p(x) = P(X =x) = *_Mq) , x=0,1,... (72)

)

(—a:9)o0

@ The above g-negative binomial distribution has the Stieltjes-Wigert
asymptotic behaviour for n — oo as in (46) with

1l d o2 = g2l 1-q" gt 1-q"
1-gq q(1—q) l1-gq

Q If g = q(n) with g(n) — 1 as n — oo and q(n)" = o(1) then, for n — oo,
the g-negative binomial distribution is approximated by a deformed
standardized Gauss as in (57).

@ If g =q(n) with q(n) =1— 2, 0 < B <1 then, for n — oo, the
g-negative binomial distribution is approximated by a deformed standardized
Gauss as in (68).

Hq =4



Applications cont.

@ The Generalized Over / Underdispersed (O/U) Distribution: The
g-CCVII for b = g" and n = Aq" becomes a generalized O/U distribution
with p.f.

Cp(X ) A (@aaPN
p(x) = P(X = x) = Chia)ee CAa r(a ) =0,1,... (73)

(see Kemp(2005)).

© The generalized O/U distribution for A = A\, — oo, has the Stieltjes-Wigert
asymptotic behaviour for n — oo as in (46) with pg = X\n/(1 — q) and
)\2
oG = qite T
Q If g = q(n) with g(n) — 1 as n — oo and q(n)" = o(1) then, for n — oo,
the generalized O/U distribution is approximated by a deformed
standardized Gauss as in (57).

Q Ifq:q(n)withq(n):lfg, 0 < B8 <1 then, for n — oo, the

generalized O/U distribution is approximated by a deformed standardized
Gauss as in (68).



The discrete approximation of the g-CCV-III distribution for n — oo, is given by

2(3)
pqccv/”(x) = (C; q)wm, x=0,1,.... (74)

Berg and Valent (1994), have proved that for ¢ < a < 1/q, the above discrete
probability measure (74) has a continuous analogue counterpart family of
absolutely continuous probability measures on (0, c0) defined by

sc xX/aq 200 2 X, q io 271
() = BUG 2 BTy 4 (g, (1)
where the parameter p > 0 is given by
p=/(t"+7)
with
7 = —t(1/9(a) + ),
where t belongs to the interval with endpoints 0 and —1/%(a) and is given by

)a: Q)J

with 9(q*) =



Section 3: Concluding Remarks

° 0<g<l1 qg=q(n) = 1,n— oc0,q(n)" = Q1) or g(n)" = o(1)

Non Term s
Findomert nfamantcoe 2012)

a-Binomial Type
Aoz

aBessel Type: -Bessel Type:

Stiltes-Wigert

@ Study of continuous limiting behaviour of confluent g-Chu-Vandermonde
Il distribution

@ Study of continuous limiting behaviour of the members of families of non
terminating and terminating g-Gauss series distributions
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